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Abstract. In this paper we consider an optimal dividend problem for an insurance company which risk 
process evolves as a spectrally negative Levy process (in the absence of dividend payments). We assume 
that the management of the company controls timing and size of dividend payments. The objective 
is to maximize the sum of the expected cumulative discounted dividends received until the moment of 
ruin and a penalty payment at the moment of ruin which is an increasing function of the size of the 
shortfall at ruin; in addition, there may be a fixed cost for taking out dividends. We explicitly solve the 
corresponding optimal control problem. The solution rests on the characterization of the value- function 
as the smallest stochastic super-solution that we establish. We find also an explicit necessary and 
sufficient condition for optimality of a single dividend-band strategy, in terms of a particular Gerber- 
Shiu function. 
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1. Optimal control of Levy risk models 
The spectrally negative Levy risk model. Recall the classical Cramer-Lundberg model 

Nt 

(1.1) Xt-Xo = 7]t-St, St = ^Ck-Xmt, 

k=l 

which is used in collective risk theory (e.g. Gerber [2Tj) to describe the surplus X = {Xt,t € M+} 
of an insurance company. Here, Ck are i.i.d. positive random variables representing the claims made, 

= {Nt,t € K+l is an independent Poisson process with intensity A modelling the times at which 
the claims occur, and pt, with p = rj + Am, represents the premium income up to time t, with profit 
rate ij > and mean m < oo of Ci. 

In later years, the model (jl.ip has been generalized to the "perturbed model" 

(1.2) Xt-Xo:=aBt + rit-St, 

where Bt denotes an independent standard Brownian motion, which models small scale fluctuations of 
the risk process. 

Since the jumps of X are all negative, the moment generating function E[e^^*] exists for all > 
and t € M+, and is log-linear in t, defining thus a function 'ip{9) satisfying: 

2 ;>oo 

(L3) Efe''^^*-^")] =e*^(^), V'(^) = — ^^ + ??^+ / (e"^^ - 1 + 0x)z^(dx), 

where i^(dx) = XFc{dx), x £ M+, with Fc the distribution function of Ci, is the "Levy measure" of 
the compound Poisson process St, and rj = ip'{0) is the mean of Xi — Xq. 

The cumulant exponent ip{0) is well defined at least on the positive half-line, where it is strictly 
convex with the property that limg^^'ip{9) = +oo. Moreover, ip is strictly increasing on [<I>(0), cxo), 
where $(0) is the largest root of il^{9) = 0. We shall denote the right-inverse function of -0 by <^ : 
[0,cx)) ^ [«'(0),oo). 

An important generalization is to replace the process S in (jl.2p by a general subordinator (a nonde- 
creasing Levy process, with Levy measure i'{dx),x G M+, which may have infinite mass). Under this 
model, the "small fluctuations" can arise either continuously, due to the Brownian motion, or due to 
the infinite mass of the Levy measure. 

Taking 5 to be a pure jump- martingale with i.i.d. increments and negative jumps with Levy measure 
i^(dx), one arrives thus to a general integrable spectrally negative Levy process X = {Xt, t G M+} i.e. 
(see Bingham [15], Bertoin [12], Kyprianou [30]) a stochastic process that has stationary independent 
increments, no positive jumps and cadlag paths with Xt integrable for any t € M+, defined on some 
probability space (fi, J^, F,P), where F = {Ft}teM+ is the natural filtration satisfying the usual con- 
ditions of right-continuity and completeness. To avoid degeneracies, we exclude the case that X has 
monotone paths. In case of zero Gaussian coefficient, X is called a pure-jump Levy process. We denote 
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by {Pa',x € M} the family of probability measures that correspond to the shifts of X by a constant, 
that is, F^[Xo = x] = I. 

An alternative characterization of spectrahy negative Levy processes is via the "q-harmonic homo- 
geneous scale function" W^'^\ a non-decreasing function defined on the real hne that is on (— oo,0), 
continuous on M_|_, with Laplace transform given by 

poo 

(1.4) / e-^^W(«)(y)dy = (V'(^) -g)"\ > $(g). 



Jo 

Despite of the diversity of possible path behaviors displayed by spectrally negative Levy processes, 
a wide variety of results may be elegantly expressed in a unifying manner via the homogeneous scale 
function W^'^\ bypassing thus "probabilistic complexity" via unified analytic methods. This paper 
further illustrates this aspect, by unveiling the way the scale function intervenes in a quite complex 
control problem. 

De Finetti's dividend problem. Under the assumption that the increments of the surplus process 
have positive mean, the Levy risk model has the unrealistic property that it converges to infinity with 
probability one. 

In answer to this objection, De Finetti [17j introduced the risk process with dividends 
(1.5) U^ = Xt-D^, t>0, 

where vr is an "admissible" dividend control policy and denotes the cumulative amount of dividends 
that has been transferred to a beneficiary up to time t, and where Uq_ = Xq = x > is the initial 
capital. 

Writing r'^ = inf{t G : < 0} for the time at which ruin occurs, the objective is to maximize 
the expected cumulative dividend payments until the time of ruin 



f*(x) := sup Kx 
Tren 



where = E2;[-|Xo = x] and 11 denotes the set of all admissible strategies, and where q is the 

discount rate. 

Note that ruin may be either exogeneous or endogeneous (i.e. caused by a claim or by a dividend 
payment). A dividend strategy is admissible if ruin is always exogeneous, or more precisely, an admis- 
sible dividend strategy is a right-continuous F-adapted stochastic process that will satisfy that at 
any time preceding ruin, a dividend payment is smaller than the size of the available reserves: 



(1.6) for any t < r'', 



AD^ := Df - Df_ < {Xt - D'^_) V 0, and 

_ < p(t _u) [0, t), if z^i < oo, 

where p := rj + vi, ui := Q xi^(dx), and D'^^'^^ denotes the continuous part of D'^ . 
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The second line in Eqn. (jl.6p states that, if the jump-part of X is of bounded variation, it is not 
admissible to pay dividends at a rate larger than the premium rate p at any time t that there are no 
reserves (i.e. =0), as this would lead to immediate ruin. 

Single barrier policies. Recall first the simplest case when there are no transaction costs. One 
possible dividends distribution policy is the "barrier policy" vTf, of transferring all surpluses above a 
given level 6, which results in the optimal value: 

VF{9)(2;) 



e-9*dA* 



xG [0,6], 



where D'' = D'^^ 

is a local time-type strategy, given explicitly in terms of X by Dq_ = and 
L»t* = sup(X, -6)+, teM+, 

s<t 

with = max{x,0}. As this equation shows, a non-zero optimal barrier must be an inflection point 
of the scale function, if the latter is smooth. 

Fixed transaction costs. It is interesting to consider also the effect of adding fixed transaction 
cost K > Q that are not transferred to the beneficiaries when dividends are being paid. The objective 
of the beneficiaries becomes then to maximize Vt^{x): 



= supf7r(x) where v-,^{x) = E^; 
Tren 



where Nf is the cardinality of the range R{D ^) of the right-inverse D ^ of -D'^, that is, 

(1.7) = #{s g [0,t] : s G R{D-^)}, R{D-^) = {u € M+ : D-^{x) = u for some x G R+}. 

If the range R{D^^) is discrete, is equal to the number of times a dividend has been paid out by 
time t. 

The introduction of a fixed transaction cost K > Q has the usual effect of changing the optimal 
reflection boundaries b into strips [6-, 6+], so that when Ut = b-^, a dividend 6+ — 6_ is paid, and the 
process is diminished to the lower "entrance" point 6_ . 

The typical optimal dividend strategy consists then of "lump sum payments" [1], with vr of the 
form TT = {(Jfc,T/;),/c G N}, where < Ti < T2 < ... is an increasing sequence of F-stopping times 
representing the times at which a dividend payment is made and Ji > K is a sequence of positive 
J^jv -measurable random variables representing the sizes of the dividend payments. Then, 

k=l 

where = ^{k ■ Tj. < t} is the number of times that dividends have been paid by time t. 

For single bands policies for example, the dividend distribution consists of the fixed amount Jj = 

bi,+ - bi-. 
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Optimality conditions for single band strategies. The interest in bands strategies was reawak- 
ened by Azcue and Muler [lOj . who considered the Cramer-Lundberg model via a viscosity approach, 
and produced the first example (with Gamma claims) in which a single constant band is not optimal. 
Let 

(1.8) b* = sup{6 > : W^'^^'ib) < W^'^^'ix) for all x}, 

denote the last global minimum of the scale derivative. 
Avram et al. ^ showed that 

(1.9) {Tvb* - qvb*){x) < 0, for all x > b* , 

where T denotes the infinitesimal generator of X, is a sufficient optimality condition for the single 
band strategy under a general spectrally negative Levy model. In fact, the condition (|1.8p - (|1.9p is 
both necessary and sufficient. 

Under the same model, Loeffen [S'6\ [53] (with and without transaction cost) uncovered a sufficient 
single band optimality condition, namely that the last local minimum of the g-scale function is also a 
global minimum. 

Kyprianou et al. [31] showed the optimality of a threshold policy if z/ has a log-convex density. 
Loeffen and Renaud [35j provided a more general result by establishing optimality of the threshold 
policy in the presence of an affine penalty function with slope less than unity, if v has a log-convex 
tail. 

The optimality of barriers strategies was recently established by Albrecher and Thonhauser [2] in 
the presence of fixed interest rates as well. 

Multiple barrier policies. However, single barrier strategies might not be optimal cf. Ger- 
ber [191 120] , The optimal strategy may be a "multi-bands strategy", involving several "continuation 
bands" [ai,bi),i = 0,1,... with upper reflecting boundaries bi, separated by "dividend paying bands" 
[bi,ai+i),i = 0,1,... of jumping to the next reflecting barrier below bi, by paying all the excess as 
dividends (see also Hallin [2Bj, who formulated a system of time dependent integro-differential equa- 
tions associated to multi-bands policies). Gerber showed that for exponential claims (and with no 
constraints on the dividends rate), the optimal policy involved only one continuation band; however, 
constructing examples where more than one band was necessary remained an open problem for a long 
time. 

Balancing dividends, ruin penalties and transaction costs. Several alternative objectives 
have been proposed recently, involving a penalty at ruin, based on a function of the severity of ruin 
|16[ , or on a continuous payoff until ruin [T] . 

The case where the insurance company is bailed out by the beneflciaries every time that there is a 
short fall in the reserves was investigated in [8j, and in Kulenko and Schmidli [29]. 
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In the current paper we investigate the influence of a general penalty and transaction costs on the 
optimal dividend policy. Assuming that the management of the company controls timing and size of 
dividend payments and is liable to pay a penalty that is a function of the shortfall at the moment of 
ruin, we solve the corresponding optimal control problem by constructing explicitly its solution. To 
show that the constructed function solves the stochastic optimal control problem, standard verification 
arguments that rely on the application of Ito's lemma can in general not be employed, due to a lack of 
smoothness of the value function. In particular, it will follow from the form of the value-function and 
from results concerning the smoothness of scale functions (Kyprianou et al. [31j, Lambert [32]) that, 
in general, the value-function is continuous but not on M+-|- := (0, oo) if X has bounded variation, 
and is but not on M+-|-, if X has unbounded variation. The approach followed in this paper 
is probabilistic in nature and rests on a dual representation of the value function as the point-wise 
minimum of stochastic super-solutions (Thm. I4.2( i)). and on a comparison and local- verification result 
(Thm. I4.2l fii)). which is a consequence of this representation. 

A key point is an explicit formula in Eqn. (j2.24p below of a"continuous q-harmonic/Gerber-Shiu 
function" Fw{x) associated to a given penalty 'w{x),x G M_, in terms of simpler scale functions. 
Informally, Fw{x) is the "continuous nonhomogeneous solution" of the Dirichlet problem on M+-|- with 
boundary condition w{x),x G M_. More precisely, Fyj{x) is defined by subtracting a multiple of the 
homogeneous scale function W'^''^{x) out of the solutions of either the two-sided, or the refiected exit 
problem, as defined in Section [21 such that the remaining part is continuous on M if u; is continuous, 
and continuously dijferentiable on M if w is continuously differentiable on M_ and X has unbounded 
variation - see Definitions 12.31 and 12.81 in Section 12.21 

For exponential penalties w{x) = e^"" , the Gerber-Shiu function has a simple formula (|2.16p . which 
may be used also as a generating function for the expected payoffs associated to polynomial penalties 
x^, k = 0,1, ... 

The function Fyj{x) provides an explicit expression for the solution of the key auxiliary problem of 
finding the value function of a single dividend-band strategy and is equal to the value-function of an 
embedded optimal stopping problem - see Proposition 15.11 and Theorem I5.14[ leading ultimately to 
the optimal band levels - see Section 15.41 

We establish an explicit necessary and sufficient criterion for optimality of single dividend barrier 
policies in the presence of fixed transaction cost and general penalty, which in particular includes the 
case of zero penalty [w = 0) — see Theorem 15.41 in Section [5.11 

Contents. The remainder of the paper is organized as follows. Section [2] is concerned with two 
stochastic boundary value problems associated to the value of dividend payments in the presence of a 
penalty. In Section [3] the dividend-penalty problem is phrased and its optimal solution is presented, 
and Section [H is devoted to the martingale approach. In Section [5] the value function is constructed. 
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and some examples are analyzed in detail in Section [6l A number of the proofs are presented in the 
Appendix. 

2. Two STOCHASTIC BOUNDARY VALUE PROBLEMS 

The problem under consideration in this section is the identification of the solution of two exit 
problems in terms of the g-scale function W^'^\ It is known that, on M_|_, W^'^^ is non-decreasing 
and everywhere right- and left-differentiable. Furthermore, if the Gaussian coefficient a is positive, 
then Ty('?)|]R_^ is (see [STJ), and W^i'>'{0+) = ^. Throughout the paper, we denote by f'{x) the 
right-derivative at x of a function /. 

Problem A. Given a G W^, b G U {+cxd}, a < b, let T^,T^ be the first entrance times of X 
into the sets {b,oo) and (—00, a), 

r+ = mi{t eR+:Xt>b}, = inf{t eR+ : Xt < a}, 

with inf = +00, and let Ta^ = denote the "two-sided" exit time from the interval [a, b]. The 

quantity of interest is the function Vw^ : (a, 6) — > M given by 



(2.1) V^'(x)=E^ exp{-qTa,b}w\^Xj.-jl)^j.-^j.+y + (5E^ exp {-gTa^b} l{r->Tj^ 

for q S M+, 5 S M and any given Borel-measurable function w : (—00, a] — )• M (the "pay-off") satisfying 
the integrability condition 



(2.2) / \w{x — y)\i'{dy) < 00 for all x € [a,b]. 

J(b.oo) 



'(6,00) 

To Vw^ is associated the following stochastic boundary value problem (SBV) on {a,b): find a Borel- 
measurable function / : ( — 00, 6] -^M. such that 

(2.3) Q-iit^T^.b) f (XjAT,,6) is a UI P^-martingale, for any x G (a, b), 

(2.4) f{b) = 6, if 6 < 00, 

(2.5) /|{-oo,a) = '«^l{-oo,a), 

(2.6) f{a) = w{a), if z^i = cxo or o" > 0, 

where ui = xi'{dx)) and where, if 6 = 00, the boundary condition (j2.4p is replaced by the condition 
limsup3,^oc/(x) < 00. 

Problem B. For any a, 6 G M with a < b, let 

Ta = inf{t G R+ : < a} 

be the first-passage time into (0,00) of the process = {Y^,t G M+} that is equal to the process X 
reflected at the level 6, 

= Xt- x\ with x\ = sup (Xt - 6) V 0. 

s<t 
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Fixing /3 € M, and w : {—oo,a\ — )• M satisfying (|2.2p the function of interest in this case is Uw'^ : (a, b) 
M given by 



(2.7) K'\x) = exp{-qTa}w(Y; 



e 



-'MX 



The corresponding SBV problem is to find a Borel- measurable function / : (—00, 6] — ?> M such that 

(2.8) e-iii^ra)f (^Y^\^^j +13 j e-'i'dX, is a UI P^-martingale, x € (a, 6), 

(2.9) /|(-oo,a) = ^^l(-oo,a), 

(2.10) f{a) = w{a), if z^i = 00 or a > 0. 

We will show in Thm. 12.121 below that Problems A and B admit unique solutions if w is sufficiently 
regular. The boundary condition at a is imposed only if X has unbounded variation, in which case a 
is regular for (—00, a) for X and Y^. We will drop the super-scripts a,b ii a = and/or b = 00, writing 
:= V°'~ and := 

Certain particular cases of Problems A and B have been extensively studied in actuarial science. For 
example, with (3 = 1 and w = is equal to the present value of the cumulative dividend payments 
under a barrier strategy at level b. The following particular cases will be needed in the sequel. 

Example 2.1. In the case that b is finite, w = 0, the unique solutions of Problems A and B are given 

by 

(2.11) VS'W = -o)-^^, = 
for X G (a, 6] ([El Thm. 1] and [8, Prop. 1]). 

Example 2.2. In case w = 1, the unique solutions of Problem A with 6 < 00 and 5 = and of 
Problem B with /3 = (unit pay-off without dividends) are given by 

(2.12) V^^^x) = Z(^)(x-a) -H^(5)(x-a)-^^'^^^""^ 



W(i){b-a)' 



(2.13) K'\x) = Z^i\x-a)-W^'i\x-a)-^^'^^^ 



W(iy{b-a) ' 

for X G [a, b], where the function Z^i^ is given by Z(i\x) = l + qW^''\x), with w''''\x) = W^''\y)dy, 
the anti-derivative of T^^'') ([I3l Thm. 1] and [7, Thm. 1]). 

Definition 2.3. Let a < b < 00, (5, /? G M and pay-off w : (—00, a] — > M be given. We will call 
F : M — > R a Gerber-Shiu function for payoff w if -F|r_,__^ is right-differentiable and the following hold: 
(i) Problem A admits a unique solution given by 

(2.14) V^'^x) = F{x-a) + W(^Hx-a)^-^^^^^, x e {a,b). 
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(ii) Problem B admits a unique solution given by 

(2.15) U:;\x) = F(:r-a)+Ty(^)(x-a)^^(||^f^, x e {a,b). 

Of course, such a function F is not unique. In the next sections, we construct special Gerber-Shiu 
functions that are continuous on R for continuous payoffs w and continuously differentiable on 
R if X has unbounded variation and w is continuously differentiable, starting with the case of expo- 
nential and polynomial payoffs (note that neither Vw'^, Uw^, nor are continuous or continuously 
differentiable on M in general). 

2.1. Exponential and polynomial boundary conditions. In the case that w is exponential or 
polynomial the solution of the stochastic boundary value problems can be expressed in terms of the 
following family of functions: 



Definition 2.4. For q e R+, v e M+, the function Z^?'") : 
X <0 and, for a; > 0, by 



is defined by Z^'^''"\x) = e"^ for 



(2.16) 



_2'(9.'f)( 



X) 



+ iq-i^{v)) / e^(^-2')W^(«)(y)dj/. 



With n the largest integer such that |x|"i/(dx) < oo, the related family of functions Zk : 
A; = 0, ... n, is defined by 

Qk 



(2.17) 



Z'^i'''\x). 



v=0+ 



Note that, for any q,v £ M+, Z^'^''"^^_^ is C^, as a consequence of the continuity of VF*-'^^|r_,_. 
The composition of a function / with a translation 9a hy a e R will be denoted by 



(2.18) 



af ■■=foea :=/(• + a). 



Let ey{x) := e"^l]R_(a;) denote an exponential pay-off, and e^^a ■=-a the translated version. The 
solutions of Problems A and B with 6 = P = and pay-off e„,a are given as follows: 

Proposition 2.5. For q € M+ and v G M+, Z^^'^^ is a Gerber-Shiu function with payoff e^^a- In 
particular, the following hold true: 

Z^i'-"\h-a) 



(2.19) Vt'^{x)=¥.^ Q-'^a,b+v{XT^^^-a)^ 



^{Ta<T+} 



= Z^^^'"\x-a)-W^'i\x-a) 



W^i){h-a) ' 



(2.20) Wei(^) = \e-'i^-^+''^^ra-a)'\ = z^i'^^x - a) - W^i\x - ^ 



ZM'{b-a) 



W(-iy{b - a) ' 

For use in the sequel we record the special case of the fcth moment of the overshoot 



(2.21) 



mk{x) := |e-''^'^.n^r„,, - a)'=l{y-<y+J , rhk{x) := le-«^»(y^« - af 
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with Iji denoting the indicator of a set A, which can be derived as a direct consequence of Prop. 12.51 
If < oo, then tp^^\o) and mr{x) are finite for r = l,...,k, and it follows that mk{x) and 

rhk{x) are equal to the A;th derivative of (j2.19p and (j2.20p with respect to w at w = 0. This implies the 
following form of mk{x) and rhk{x): 

Corollary 2.6. Let A; € N. Suppose that \x\^v{dy) < oo. Then, for x G [o.,b], mk{x) and rhk{x) 
are finite, and are given by 

mk{x) = Zk{x - a) - W^'^\x - a)-§^^^f^, mfc(x) = Z^ix -a)- W'-'^^x - a) ^^^^ " 



W^(9)(6-a)' «v ; V 'w(i)'{b-a)' 

In particular, is a Gerber-Shiu function with payoff w{x) = {x — a)^ . 

The proofs of Prop. 12.51 and Cor. 12.61 are given in Appendix 1X1 

2.2. General boundary functions. We shall restrict ourselves to the following class of payoffs w. 

Definition 2.7. We denote by TZ the set of Borel- measurable functions w : M_ M that are continuous 
at 0, admit a finite left-derivative w'{0—) at 0, and satisfy the following integrability conditions: 

(2.22) (i) Wu{y) < ooVy and (ii) / / e-^^'^^y\w{y - z) - w{0)\u{dz)dy < oo, 

Jo Jy 

where the function Wi, : — )• M is defined by 



(2.23) w,{y):= {w{y - z) - w{0)} i^idz) y G M++. 

J (j/,oo) 

To each payoff w G M we associate a scale function F^: 

Definition 2.8. Let q G M+ and w TZ. The function Fy^ : M ^ M is given by Fu,{x) = w{x) for 
X < 0, and is continuous on with Laplace transform 



oo 



2 [w'{o-)] + ^w{o)-w:{e) 



(2.24) / e-^"F^(x)dx = {^(9) - q)-^ 

Jo 

where denotes the Laplace transform of Wu ■ 

Remark 2.9. (i) In the case of exponential penalty, w = e^, the function Fy^ reduces to Z^'^'^\ Indeed, 
the Laplace transforms F*^ and (Z^'''^^)* of -Fe„|R+ and ^^'^'''•'Im,^ are both equal to: 

Flie) = (zi'^'^yne) = {m - qy^tKzm, 

U — V 

(ii) Properties of that will be used in the sequel are listed in Appendix [XI 

The classical Gerber-Shiu function Vw°°{x) corresponding to penalty w can be explicitly expressed 
in terms of F^, as follows: 
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Proposition 2.10 (Classical Gerber-Shiu function). Let w G TZ. For any x (^M it holds that 



(2.25) 
where 
(2.26) 



Y^i''(o-) + ^Mo) -<($(<?)) 



In particular, the following martingale property holds true: 

(2.27) (e~'^^^^^^^F^{X^^^- -a),t e is a F^^ -martingale, for any x,a€R. 

Remark 2.11. An equivalent representation for VS'°° in terms of W^'^^ was found in Biffis & Kypri- 



anou 



The solutions of the stochastic boundary value problems can hence be expressed in terms of the 
functions W^'^^ and F^, as follows: 

Theorem 2.12. Let w G TZ. The function F^^ is a Gerber-Shiu function for the payoff w, where aW 
denotes the translation of w defined in Eqn. (j2.18p . 



Proof of Theorem \2.12[ An application of the compensation formula yields the following represen- 
tation of Uw^{x): 

/•b /"oo 

K'\x)-w{0)U^l{x)= / {w{y-z)-w{0)Hdz)Rl,{x,dy), 

J a J y 



-oo, a 



where Ueo^^ is given in (j2.20p . and g-resolvent measure i?^ j(a;,d?/) of killed upon entering (- 
which is given by ([Ml Thm. 1]) 

(2.28) Rl,{xAy) = - dy) - W^'i\x - y)dy, x,y G [a,b]. 

Combining these expressions with Lem. IA.2( iii) and taking note of the fact that the term 
^aw'{0-)W'-i\x) cancels yields that Eqn. (fZT5]) holds with F = F^^. 

Next we turn to the uniqueness. In view of the definition (|2.7p of U^, the strong Markov property 
of and the integrability condition (j2.22p , the process 



(2.29) 



-«(*^-)z^^(y,tj + /3 



tATa 



-qTa 







is a UI Pa;-martingale, for x £ [a, b], and is hence a solution of Problem B. If U^,U^ are two solutions 
of Problem B then Uq := -U"^ is a solution of - (|2T9|) with w = (3 = 0. Hence, 



(2.30) 



Unix) = lim E^ 
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where we used that e~'^^^^'^'^^Uo{Y^^^^) is uniformly integrable. A similar argument yields the uniqueness 
of a solution to Problem A. As for the existence, an application of the strong Markov property yields 
the following: 

(2.31) E,[exp{-qTa,b}w{XT^,)] = VS'~(x)-E, 

Combining Eqn. (f2?T]l with Eqn. (f2^ . and inserting (iZTTl) and (f2^ . yields the identity (f2?T4l) with 
F = F^yj (using that the term ^aw' {'^—)W'^'^\x) cancels). □ 

3. The dividend-penalty control problem 

The process X represents the cash-reserves of the company in the absence of dividend payments. 
We will restrict ourselves to the case of positive net income (or infinitesimal drift), i] := K[Xi] > 0. 
The level of the reserves {Ut,t € K+j when the dividend payments has been taken into account is then 
given by 

Ut = Xt- Dt, 

where D = {Dt,t G M+} is a dividend process, a non-decreasing right-continuous F-adapted process 
with Dq- = 0. Here Dt represents the cumulative amount of dividends that has been paid until time t. 
The beneficiaries control the timing and size of dividend payments made by the company, and are liable 
to pay at the moment t'^ of ruin the penalty —w{U^n), which may be used to cover (part of) the claim 
that led to insolvency, where w is a penalty. The beneficiaries seek to pay out dividends according to 
an admissible policy that maximises the sum of the expected discounted cumulative dividends and the 
expected penalty payment. 

Definition 3.1. A penalty w : M_ — )• M_ is an increasing function that is right-continuous on ( — oo, 0), 
left-continuous at and admits a finite left-derivative w'^O—), and satisfies the integr ability condition 

/oo 
\w{-z)\u(dz) < oo. 

The collection of penalties is denoted by V. It is straightforward to verify that V C TZ, the class given 
in Definition 12.71 

The present value of the penalty payment discounted at rate q > 0, considered as function of the 
level of reserves, is called the "Gerber-Shiu penalty function" associated to the penalty w, and is given 
by 

W^(x) := [e-'i^^w ([/;.)] , x G M+, 

where Mx['] denotes the expectation under P^. Under condition (j3.ip . it holds that, for any level of 
initial capital x G M+, W^(x) is bounded uniformly over vr G 11 (see Lemma l4.9p . 



exp {-qTa,t} 1{T+<T-} + K'°°{b)). 
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The objective of the beneficiaries of the insurance company is phrased in terms of the following 
stochastic optimal control problem: 

r 1 

(3.2) = supw^(x), v^{x) ■.= Wl{x) + ^^ / e-'^W(dt) , x G M+, 

Tien L-'o J 

where 11 denotes the set of admissible dividend policies vr and hk is the (possibly signed) random 
measure on (M+,;B(M+)) defined by 

(3.3) ^4-([0,t])=A"-^A^r, 

with Nf equal to the counting process defined in Eqn. (jl.7p . The solution to the stochastic control 
problem <\2>.2\ consists of a pair (u;,7r*) of a function w : R and a policy vr* € 11 such that 

f*(x) = w{x) = f7r*(x) for all x G M+. 

A flexible class of dividend strategies are the so-called multi dividend-bands strategies, that are 
specified as follows: 

Definition 3.2. The multi dividend-bands strategy t: a, associated to sequences o = {an)n) b~ = {b~)n, 
= {b^)n with an,b~,b^ G [0,oo] satisfying the intertwining conditions 

ao = < 6+ < ai < 6+ < ... < a„_i < 6+ < . . . , < h^t, 

is described as follows: 

(i) When [/-'- := C/'^s.^ = y G (6^,an+i), make a lump-sum payment y — b~; 

(ii) When f/-'- = b^ make a lump-sum payment b^ ~ ii K > 0, and pay the minimal amount 
to keep below 6" = 6+ if K = 0; 

(iii) While U-'- G [o„,6^) do not pay any dividends. 

The strategy vr-'- is called a single dividend-band strategy \i b'l < oo = a2- 



In the case of zero transaction cost a multi dividend-bands strategy tTq ^ consists in paying out "the 
minimal amount to keep Uf'- below the boundary b{ty\ where 

b{t) = 6^^^^ with p{t) = min{i > 1 : < Oj}; 

the corresponding dividend process D'^a.ii = {D^-'-,t(^ R+} is explicitly given by 

s<t 

and is equal to a local time of [/-'- at the boundary b = (6(t))t6M_,. . Note that in this case the process 
X is reflected at the levels b^: the dividend strategy is the minimal moderation of X to ensure that 
the moderated process does not cross the boundary b{t). In the case of a positive fixed transaction 
cost K the "reflection boundaries" b^ widen to strips [^^,6^] and the "local time" type payments are 
replaced by lump-sum payments 6+ — b~ where b~ may lie below a^-i (see Figure [3]). 
The solution of the stochastic control problem is given as follows: 
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Figure 1 . Illustrated in the figure on the left is a path of the risk process U"^ in the absence of 
transaction cost {K — 0) for a three-bands strategy with the lowest level b'^ equal to zero. The 
figure on the right pictures a path of the risk process in the case K > and tt is a two-bands 
strategy with = ^T- The vertical dashed stretches represent the claims, while lump sum 
dividend payments are indicated by arrows. At the moment r of ruin a penalty payment w{Ur) 
is required that is a function of the shortfall 



Theorem 3.3. For any w GV, an optimal strategy for the control problem (|3.2p is the multi dividend- 
bands strategy T^a^.h^ o-nd 



(3.4) 



where fi : 



w*(x) = K^.fejx) := < 



W('?)(x)C* + F^(x), xe[o,bi^], 

X - bl_ + Va^^b, (^* ^ e (^* + ' 

^Ff,{x-a*), x€ [a*,6*J,i>l, 
is given by fi{x) = K,,b,(ai +x), 



C* 



V 



T^('?)'(6J^+) W^i)'{b\^^-) ' 
and the levels g^, b~ and bf are specified in Sect. \5.4\ below. 

The construction of the strategy vr^ ^± and the proof of its optimality are given in Sect. [l]and[5l 

4. Martingale approach 

4.1. Dual representation. The solution of the stochastic control problem (13. 2p is based on a char- 
acterization of the optimal value function v^, as the point-wise minimum of the following family of 
functions: 
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Definition 4.1. A function (7 : M — ?> M is a stochastic super- solution for tlie stociiastic control prob- 
lem (|3.2p if S'Ik^ is upper-semi-right-continuous (USRcfl 

(4.1) |e-9(iAT(, )g ^x^^j.^'j , t G M+l is a UI P^j-super-martingale, for any x G M+, 
and the following conditions are satisfied: 

(4.2) g{x) > w{x) forallxGM_, 

(4.3) g{x + y) — g{x) > y — K for all x, y G M+. 

The family of such functions will be denoted by G- 

Theorem 4.2. (i) The value function is the smallest stochastic super-solution for the stochastic 
control problem (13. 2 p ; 



(4.4) v^{x) = mmg{x) for all x £ 

(ii) Furthermore, if there exist 6 > 0, vr G 11 and g € G such that g{x) = Vt^{x) for all x < b then 
f*(x) = Vtt^x) for all x G [0,6]. 

Remark 4.3. (i) The identity in Eqn. ()4.4p is reminiscent of the well-known characterization in 
Dynkin |18j of the value-function of an optimal stopping problem with non-negative continuous reward 
function h and rate of discounting q as the smallest g-excessive function that dominates h. 

(ii) Def. 14.11 is closely to the notion of (stochastic) sub-solution that was introduced by Stroock &: 
Varadhan [Mj in the setting of linear parabolic PDEs and their associated diffusions. In the same 
setting Bayraktar & Sirbu recently showed that the point-wise supremum of (stochastic) sub- 
solutions is a lower semi-continuous viscosity sub-solution of a corresponding Cauchy problem. 

(iii) It can a priori be shown that w=k is continuous if K = 0. See Lemma 14.71 below. 

(iv) A sufficient condition for a 17 G C^(M) to satisfy Eqn. ()4.ip is that aJ~-^9 < where 

aC:^ : C^{[a, 00)) ^ D{[a, 00)), a G M, 

is a family of operators that is defined as follows: 

2 

(4.5) a/:j^/(:E) = ^f"{x) + {r^-ui{x-a))f'{x)-{q+V{x-a))f{x) 

[f{x) - f{x -y) + f'{x)y] u{dy) + / w{x - y)i^{dy), 

{0,x—a] J (z— a,oo) 



is USRC at a; > if limsup^ ^ >x9{^") ^ fi'(^) 
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where T'ix) = oo)) and T'i{x) = J^^ yu{dy). In case that X has bounded variation the operator 
aJC^!^ takes the following equivalent form: 

aCZfix) = pf\x)+ f [f{x)-f{x-y)]u{dy)+f w{x - y)u(dy) 

(4.6) - {q+V{x-a))f{x). 

The operator a-CJ^ is related to the infinitesimal generator T of the Feller-semigroup of X as follows: 
r acts on functions / in the set {/ G Cc(M) : /|(_oo,a) = ^l(-oo,a)} as r/(x) = aC'^g{x) for x > a, 
where g = f\[a^oo) (cf- Sato [HI Thm. 31.5]). 

4.2. Properties of the value function. The proof of the dual representation is based on an alterna- 
tive representation of v^, as the point- wise minimum of a class of majorizing solutions of the stochastic 
optimal control problem. 

Definition 4.4. A Borel-measurable function : M — )• M is called a majorizing solution for the 
stochastic control problem (|3.2|) if the following conditions are satisfied: 

(4.7) e-«(^"^*) //([/;. ^t) + / e~5V^(ds) is a Ul P^-super martingale, for any x G M+, tt € H, 

JO 

(4.8) H{x) > w{x) for all x G M_, 

where denotes the random measure on (R-(_, jB(M-(-)) defined in Eqn. ()3.3p . The family of such 
functions will be denoted by %. 

Proposition 4.5. The value function admits the following dual representation: 

(4.9) u*(x) = min ir(x) for all x > 0. 

Remark 4.6. More generally, the value-function v^, restricted to [z,oo), z G M+, admits the following 
representation: 

(4.10) vJx) = min Hix) for all x > z G M i , 

where 1-Lz is the set of Borel-measurable functions H satisfying H{x) > v^{x) for all x < z and 

g-g(r-At)j^^^7r^^^^ + / e"'''V^(ds) is a UI Pa:-super martingale, for any x > z, tt G 11, 
Jo 

where rj = inf{t >0:U^<z}. 

The proof of the representations in Eqns. (j4.9|) and (|4.1Up is in part based on the fact that the 
function is itself a member of the class Ti, which follows from the following auxiliary results (the 
proofs of which are deferred to the appendix): 
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Lemma 4.7. For any fixed vr E IT and x G M+, the process = {V^ ,t € K+j defined as follows: 

(4.11) y^- = e-'?(-^^*)^;,([/;.^,)+ / e-^V^(ds), 

Jo 

is a super-martingale, where v^, is extended to the negative half-axis by i;*(x) = w{x) for x < 0. 
Lemma 4.8. (i) For every x,y >0, with x >y, it holds that 

(4.12) {x-y + K)< v,{x) - v^y) < ^1 - ^j^^ iM^) - F^x)] + F^{x) - FUv). 

In particular, f*|iR^ is USRC. Furthermore, v^:\r^ is continuous if K = 0. 

(a) is dominated by an affine function: K + v^f{Q) < v^{x) — x < for all x G M+. 



sup supE^ [e~^^w(?7;)] > -C. 



Lemma 4.9. For any (7 > 0, and w (zV, there exists a C such that following bound hold true: 

(4.13) 

Furthermore, for any vr G 11 and x G M_|_, the following holds true: 
(4.14) E, 



sup |e-''*C/f l|t<^.| + l\~'^'dDl+ f e~'^'Xsds\ 

tGM+ I Jo Jo ) 



< 00. 



In particular, the process = {V^^,t G M+} defined in Eqn. (j4.1ip is UI under F^. 



Proof of Prop. \4-5[ ' Fix x G M+, and let H be any element of Ti, and tt G 11 any admissible policy. 
The super- martingale property ()4.7p . the boundary condition ()4.8p . and the uniform integrability yield 
the following: 

rr^At 



H(x) > lim E, 



r-T" /\t 

Jo 



e-«""u;(C/;.)+ / e-''V^(ds) 



> E, 

Taking the supremum over vr G 11 and using the definition of yields that II{x) > z;*(x). Since H & V. 
was arbitrary, it holds thus that miHeH H{x) > ?;*(x). This inequality is in fact an equality since 

□ 



is a member of on account of Lem. 14.71 and Lem. 14. 9i 

The following result implies that the set H contains the set Q: 

Lemma 4.10 (Shifting Lemma). Let g & Q be dominated by an affine function. If 

^Q-g{t/\To )g(^x^^rp-),t G M+l is a super-martingale for all x G M+, 

then, for any vr G 11 and x G M4., = {M[,t G K+j is a Fx-super martingale, where 



(4.15) 



/■T" At 

= e-''(*^-^)5([/-,.) + / e-«>^(ds). 
Jo 
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Proof of Thm. \4-^ ' (i) The identity (|4.4p follows from Prop. H3] in view of the observations that (a) 
Q is contained in T-L and (b) is an element of the set Q. Observation (a) follows on account of Lem. 
I4.10| while observation (b) is a direct consequence of Lem. 14.71 (taking vr equal to the strategy vr = 
of not paying any dividends) and Lem. I4.8l fil. The statement (ii) follows by combining part (i) with 
the definition of f*. □ 



Proof of Lem. \4-10 : Fix arbitrary Xq = x € M4. and vr € H and s, t € M4. with s < t. Since g and 



h are USRC, is J-^-measurable. Furthermore, is integrable in view of Eqn (I4.14p and the fact 
that g and h are dominated by an affine function. Consider the sequence (vr„)„gp^ of strategies defined 
by TTn = {Dt",t G M+} with 



u 



s„p{D,::„<,.,„.T,.}, u<r'. ^f, A, z } n : 



We claim that for every n G N 

(4.16) m(") = {Ml^ : ti € T„} is a P^^-martingale. 

Given this claim the proof is completed as follows. On account of the form of 7r„, it follows that 
Y)T^n ^ Y)T<: _^ which, combined with the Monotone Convergence Theorem (MCT) and an 
integration-by-parts, implies that /J""^* e-''ML»J" /- jf^^ e-^MDJ and, if K > 0, jf^'' e'^'dN^" / 
^* e~'^'^dA'^^. The fact that the grid T„ contains both s and t, the MCT and the martingale property 
(I4.16P imply the following: 

E[M^\TsAr-] = lim E[Mf"|j;Ar-] < lim MJ". = MJ.^. = MJ. 

Since s, t were arbitrary it follows that M'^ is a P^-martingale. 

Next we turn to the proof of the claim. Denoting Tj := At and M = M^"), D = V^" we can 
write 

n n 

Mt-Mo = Y,Yi + Y,Zi, 

i=X 1=1 

where Zi = e-'^^'{g{XT, - Dt,) - g{XT, - Dt,_,) - ADt, + K) with ADt, = Dt, - Dt,_, and 

Yi = e-'i^'g{XT, - Dt,_,) - e-'^^'-^ g{XT,,_, - Dt,_,). 

In view of Eqn. (j4.3p it follows that Zi is non-positive. Furthermore, the discrete time version of 
Doob's stopping theorem and the strong Markov property of X imply the following identity: 

E..[y.|-^T,_J = e-^^'-E, [e-'^^^giX^J - g{Xo)] \ < 0, 
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where Ti = Tj o ^Ti_i with 9 denoting the translation-operator. The tower-property of conditional 
expectation then yields 

n 
i=l 

Hence, M = M(") is a super-martingale. □ 

4.3. Martingale pasting. The optimality of the value-function 5 of a candidate-optimal policy sat- 
isfying the bound in Eqn. ()4.3p will follow from Thm. 14.21 once the super-martingale property of 
M{t) = exp{t /\TQ)g{X {t ATq)) is established. In the following result it is shown that this verification 
can be carried out locally in the sense that M is a super-martingale, provided that the function g is 
sufficiently regular and that M'^ is a super-martingale for a suitable localization r: 

Lemma 4.11 (Pasting Lemma). Let (Cj)jgr^u{o} be a sequence in with Co = and Cj_i < Cj for 
all i S N, and let {Ti)i he the following sequence of stopping times: 

n = inf{t G M+ : Xt ^ [C,_i, C,)}, i G N. 

Let h : — M, (7 : M ^ M 6e Borel measurable functions hounded by affine functions and assume that 
fl'|R++ is continuous if X has bounded variation, and is if X has unbounded variation and define 

(4.17) Y = {e-'?(*^^cr)<^(x^^^_),t g M^} , 

// the stopped processes V^' = {Yt/\ri,t S M+} are -super-martingales, for any x G [Ci_i,Ci) and 
i € N, then Y is a Wx- super-martingale for any x G 

Proof: For the ease of presentation we will restrict ourselves to the case of a partition of the form 
[0, a) U [a, 00) for a > 0. The general case follows by a similar line of reasoning. 

Denote M = y-^o and fix t > and x G M+. Suppose first that X has bounded variation. Then 
is irregular for (— cxo, 0) for X, so that the following set of stopping times forms a discrete set: 

(4.18) ro = 0, T2^ = {T+ AT^)oeT,,_,, T2,^i = T- o eT,,_„ zGN, 

where 9 denotes the translation operator. The strong Markov property of X implies that the following 
holds on the event {s < Ti_i}: 



(4.19) = E [l{,>r^_^}e-«^-iEx,^_^ [e-««"<7(^ilj - 9{x)] l^^^ 



where Ry = (r' At) o 9^ where r' is set equal to Tq^^ if Xq = x G [0, a) and to if Xq = x > a. The 
expectation in (j4.19p is zero in view of Doob's optional stopping theorem and the super-martingale 



OPTIMAL DIVIDEND DISTRIBUTION IN THE PRESENCE OF A PENALTY 



19 




Figure 2 . The martingale increments commence when X enters the inner band (dashed) and 
stop when X leaves the outer band (dotted). 

property in Eqn. (|4.17p . The stated super-martingale property then follows on account of the fact 
that the terms in the following sum have non-positive expectation under E[-|J^<j]: 

Mt -Ms = Y, l{T,-i<s<T,} I {Mt.M - Mt^;,s) + Y^i^tAT, - MtAT,_^) \ , S < t. 

3 y i>j ) 

Suppose now that X has unbounded variation. Denote by (Ti)jgi^y|Qj the sequence of subsequent 
passage times into the sets [a — e,a + e] and M\[a — 2e, a + 2e]: 

To = 0, T2i-l = H[a-e,a+e] ° (^T2i-2 = Ta-2e,a+2e ° ^Tii-i ^ ^ N, 

where, for any Borel set A, Ha = ini{t € M_|_ : Xt £ A} (see Figure 113]). Decompose M as M — Mq = 
MW +M(2), where 

i>l i>l 

The sum M^^^ of increments of M during the periods that X spends in the band [a — 2e, a + 2e] vanishes 
in expectation as e \ 0, as shown in the following result the proof of which is given in the Appendix: 

Lemma 4.12. Ase\0, E^[\Mi^''\] 0. 

By the line of the reasoning given in the first part of the proof it follows that M^^) is a super- 
martingale for every e > 0, so that also M is a super-martingale in view of Lem. 14.121 □ 
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4.4. Value- function for large levels of the reserves. From the form of the generator it can be 
deduced that the value-function is affine for large levels of the reserves: 

Proposition 4.13. Suppose that either (i) K = or (ii) K > and i^iR^) < oo. Then, for sufficiently 
large levels of the reserves, it is optimal to immediately pay out a lump-sum dividend, and for some 
y G M+, the function restricted to [y, oo) takes the following form: 



(4.20) 



v^{x) = X — y + v^{y) for any x — y G M+. 



The proof rests on the fact that the generator yC^ applied to the function £y : [y, oo) M defined 



by 



X 



X — y + v*[y) will be negative for y sufficiently large: 



Lemma AAA. Suppose that either (i) K = or (ii) K > and u[ 
large, the following holds true: 



< oo. For y G M+ sufficiently 



(4.21) 



y£:^{ey)ix)<0 Vxyy. 



An application of Ito's lemma (which is justified since £y G C^([y, oo))) yields the following fact: 



(4.22) 



tAT~ 



e '^^yC]!^{£y){Xs)ds is a martingale, 



so that {e~''(*^^« Hy{X^^j,-),t G M+} is a super-martingale. Hence, the assertion in Prop. 14. 131 follows 
from Rem. 14.61 

Proof of Lem. \4-M\ ' We show that the criterion (|4.2ip is satisfied. Observe that, for any x G M+, 

: ril'y{x) - q£y{x) + 



'(0,oo) 

r] - q{x - y + v^{y)) + 



£y{x — z) — £y{x) + z£'y{x)]v{dz) 

v*{x - z) - v^{y) + z + y - x\v{dz). 



(4.23) 

' {x~y,co) 

Since u*(x — z)— f*(y) < x — z — y+K for z G {x—y, x) on account of Lem. [4.8r ii) and w is non-positive, it 
follows that the integral term in (|4.23|) is bounded above by Kv^x — y, x) + J^^ ^•^{z+y — x — v*{y))i'{dz). 
In view of Lem. BTST ii) and the fact that the measure xz^(dx) has finite mass, the integral tends 

to zero as x and y tend to infinity such that x — y is kept constant. On account of Lem. SHJii) 
v*(y) ^ oo as y ^ oo, so that it follows that yC"^£y{x) is strictly negative for all y sufficiently large 
and all x > y. □ 

5. Construction of the optimal value function 

5.1. Single dividend-band strategies. We will first consider the case of single dividend band strate- 
gies. The value Wf,(x) := t'7rj(x) associated to the single dividend band strategy -Kb at a non-zero level b 
when Xq is equal to x, is given by 

vtix)=E, / e-''V5^(dt) + e-'?'^''t/;«) 



(5.1) 
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where //^^ := /ij^, := U""" and := t""" = inf{t € 
explicitly expressed in terms of scale functions. 



C/j^ < 0}. In the following result is 



Proposition 5.1. For 6+ > 6_ > and x E [0,6+] it holds that 

w{x), 



(5.2) 



where F 



(5.3) 



Vb{x) 



X < 0, 



Fw and 



(b. 



G(6_,6^ 



VF('?)(x) G(6_,6+) + F(x), xG[0,6 
-6_-K-(F(6+)-F(6_)) 



VF(9)(6+) - VF(9)(6_ 
F'(6+) 



^ W(i)'{b^ 



K>0, h+>h^ 



K = 0, 



Proof. Let K > 0. Taking note of the fact that no dividend payment takes place before X reaches the 
level 6+ it follows that {Xt,t < 7o_fe_,_} and {U^^ ,t < (Jb+} have the same law. In view of the strong 
Markov property of X and the absence of positive jumps it follows then that for all x € [0, 6+] and 
with V = vy. 



v{x) 



(5.4) 



(K6-) + A6 - K)l^^+ + E,[e-^^o ujiU^_)i^^^^^^^_^] 

W^i\x) 



■[v{b^) + Ah - K] + 



Fix) - F{b+) 



W^ib^ 



where F = F^ and we used the identity (j2.1ip . and the definition of a single dividend band strategy. 
Evaluating Eqn. (j5.4p at x = 6_, solving the resulting linear equation for w(6_) and inserting the result 
in Eqn. (|5.4p yields Eqn. (j5.2p . The case K = follows by a similar line of reasoning. □ 
We next turn to the determination of the candidate optimal levels. The form of G suggests to define 
the level b* = (6!_,6^) as the maximizer of G{x,y) over all x, y > if > 0, and similarly, to define 
b*^ as the maximizer G{x) over all x > 0, if K = 0. 

Remark 5.2. On account of the facts that the map x i— > G^(x) is right-continuous and monotone 
decreasing for all x sufficiently large (Prop. ID.3p . there exists an x* E IR+ such that sup^.>o G#i x] = 
G*(x*) V G'^(x*— ). In the case that K is strictly positive, G attains its maxmimum at some (x*,y*) € 
(0, oo)^, since G{x,y) is continuous at any (x,y) with y > x > 0, is monotone decreasing for y 
sufficiently large and fixed x (Prop. ID^ Appendix[D]) and tends to minus infinity if x \ 6_ and tends 
to the constant in Eqn. ()2.26p if |x| + \y\ oo such that x < y. 

Moreover, if K is strictly positive, observe that the partial right-derivatives of G{x, y) are given by 

Ty(Q)'(y) 



(5-5) -^{x^y) 



— , - / ., \G(x, y) - G^(x)\, -T—ix, y) 



W^i)[x,y] 



[G{x,y)-G*{y)l 
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where y\ := W^'^\y) — W^'^\x) and ^^{x) is given in Eqn. (|5.3p Therefore, an interior maximum 

{x*,y*) will satisfy G{x*,y*) = = G*(y*), and a candidate optimum may be found by fixing 

d = y — X, and optimizing the left end-point x{d) for fixed d (graphically, this would amount to 
determining the highest value of the function where the "width" y{d) — x{d) of the function G"^ is 
d). 

In the case of strictly positive K we fix therefore d > and set 

(5.6) 6*(d) = sup{6 > : G(6,6 + d) > G(x,x + d) Vx > 0}. 
and define d* as follows: 

(5.7) d* =\ni{d>Q:G{b*{d),b*{d) + d)>G{h*[y),b*{y) + y) Vy > 0}. 
The candidate optimal levels are then defined as follows: 

(5.8) b* = {b*_,hX) with b*_=b*{d*), b\ = b*{d*)+d*. 
In the absence of transaction cost {K = 0) , we set 

(5.9) b\ = b*_= inf{6 > : G{b) V G{b-) > G{x) Vx > 0}, 

where we denote G(0— ) = G(0). 

A necessary and sufficient condition for the optimality of the policy iTb* can be explicitly expressed 
in terms of the function G* : (61, oo) — ?> M that is defined as follows: 

ry-b*_-K-iFiy)-F{b*_)) 



(5.10) G*iy) ■.= Gib*_,y) 



^(9) (y) (<?)(&! 

1 - F'iy) 



K>0, 
K = 0. 



I WM'iy) ' 

Remark 5.3. In view of its form the function G* is left- and right-differentiable at any y > if K > 0, 
and is equal to a difference of two monotone real- valued functions K = (cf. Lem. IA.2( vi)). 

Recall that a function / : (a,oo) — t- (0,oo), a E M, is completely monotone if (— l)'^~^/(^^(x) > for 
all A; € N and x > a, where /^^^^ denotes the fcth derivative with respect to x. 

Theorem 5.4. (i) For any x < b*^, it holds that u*(x) = Vh*{x). In particular, if Xq E [0,6^, it is 
optimal to adopt the strategy tti,* . 

(ii) The strategy tt),* is optimal for the stochastic optimal control problem (|3.2p if and only if H : 
($(g),oo) — 7> M is completely monotone, where 

(5.11) E{e) = / e-^^Z(9'^)'(z)G*(dz). 



(Hi) In particular, if G* is non-increasing on (6^,oo), then the strategy ttij* is optimal. 
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Remark 5.5. In the absence of transaction cost (K = 0), the function H in (jS.lip can be equivalently 
expressed as 

m = G*{bl)Lo{9) + ^^^^^2^ E[F'{bl + ee) - F'{b*,)], 

where eg denotes an independent exponential random variable with mean 9^^ and Lg : (0, oo) ^ R is 
given by 

9 ^ Lo{9) := ^^^f^ E[t^('?)'(6; + e^) - W^'^^'{b\)]. 

In particular, if the penalty is zero and there are no transaction cost {w = K = 0), the necessary 
and sufficient optimality condition simplifies to the complete monotonicity of Lq{9) on the interval 
(<I>(g),oo). This observation appears new even in this particular case. 

Remark 5.6. (i) The function c/* : M+ ^ M defined by g^x) = W'^''\x)G*{bl) + F^{x) is a super- 
solution in the sense of Def. 14. 4| and hence dominates the value- function w*. In fact, since is 
equal to the value Vb* (x) of the strategy iTh* for any level x of initial reserve smaller or equal to b'^ , 
Thm. I4.2l fii) implies that g*{x) is equal to the optimal value v^{x) for all x G [0,6^]. That gi* is a 
super-solution follows by combining the Shifting Lemma with the facts that (a) e~''*^*^"^o ^ g^,[X^^j,-) is 
a martingale and that (b) (7* satisfies the following inequality: 

g*{x) — g:^{y) > x — y — K for any < y < x. 

The fact (a) in turn follows from the martingale properties oi Fyj and W^'^\ while (b) follows on account 
of the definitions of b* and G*: if iiT = 0, the following holds true: 

g'^{x) = iy('?)'(x)G*(6*) - F'^{x) > iy('?)'(x)G*(x) - f;(x) = 1, x > 0. 

Similarly, if > and x > y, g^{x) - g^y) = (iy('?)(x) - W^'^\y))G{b*_,bl) - F^ (x) -|- Fyj{y) is 
bounded below by 

(iy(^)(x) - IF(«)(y))G(y,x) - F^{x) +FUy) = x-y-K. 

The two displays imply that 5'*(x) — g*{y) > x — y — K for any x,y,K>0 with x > y. This completes 
the proof of Thm. 15.41 (i); the proofs of parts (ii) and (iii) are given in Appendix iDl 

(ii) The strategy tti,* is optimal if and only if the following condition for Vh* is satisfied: 

(5.12) b'^C'^Vb* (x) < 0, for all x > b\_ and with w = Vb* , 

where the operator b'^^^ is defined in (|4.5p . The necessity of the condition (j5.12p follows in view of 
part (i) and Prop. 14.131 To see that the condition (15.121) is also sufficient, suppose that the condition 
in Eqn. (15. 12^ is not satisfied. Since x f-^b"^ ^oo^f)*(^) is right-continuous for x > it follows that 
there exists an open interval {a, f3) contained in (6!j_,oo) such that b^>CJ^Vf,* (x) > 0. Define a strategy 
TT as follows: whenever Ut does not take a value in the interval (a,/3) operate according to vTf,*, and 
while the reserve process Ut takes a value in the interval (a,/3), do not pay any dividends. Then 
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St := e ''^^^'^"''^''[vitiXtATa fi) ~ Vb* {XtATc, ii)) is a super-martingale and the following holds true (cf. 
Eqn. g22|)): 



^x[St - So] = -E, 



tAT, 



a, 13 



< for any x G (a,/3). 



This identity implies that is strictly larger than Vb*{x) for any x G {a,f3). 

Explicit conditions can be identified in terms of the penalty w and the Levy measure v that guarantee 
that G"^ is non-increasing on (6!j,,oo), which are hence sufficient conditions for the optimality of the 
policy TTb* ■ 

In the absence of transaction cost {K = 0) we will call a penalty w £ TZ severe if (i) w{0) < 7^ := 
fo(0), and (ii) w{x + y) — w{y) < x for all x,y € M_. Condition (i) states that the penalty payment 
for ruin occurring without shortfall is not smaller than the expected value minus transaction cost of 
liquidation (i.e. the sum of the expected premium income until the moment of ruin and the expected 
penalty payment), while condition (ii) implies that the additional penalty payment for an additional 
shortfall of size x is at least x. 

The result is phrased as follows: 

Theorem 5.7. Suppose that K = and v admits a convex density v' . If in addition (a) the penalty 
w is severe, or (h) u' is completely monotone, then G* is non-increasing on (6^,00). 

The proof is given in Appendix [Dj As application we consider next the case of a single-dividend 
band strategy with 61 = 0. 



5.2. Liquidation strategy. In the absence of transaction cost {K = 0), the liquidation strategy vr^ 
is to "pay out all the reserves to the beneficiaries and subsequently pay all the premiums as dividends, 
until the moment of ruin." Note that ni = vro, that is, a single dividend-band strategy at level 0. 
In the case that X is given by the Cramer-Lundberg model, the first jump (claim) arrives after an 
exponential time T with finite mean A~^, and the value vg, of the liquidation strategy is equal to 



E:. 



x+ - 1 



+ p /" e-«*dt + e-'?^w;(AXT 

''^{w{AXt) - wiO)) + u;(0)e-«'^ 



e-^^) + e- 



X + 



P 



A + 



A + 



X + 



p + w^jO) + Xw{0) 
X + q 



where AXt = X{T)- X{T-), and : (0, 00) ^ M is defined by (imjl . If Xq = and X has infinite 
activity, ruin occurs immediately if strategy tti is followed, that is, in this case t'^^ = 0, Pg-a.s. and 
vi{x) = X + it;(0). 
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Hence, the value of the Hquidation strategy is equal to V(:{x) = (x + 7«,)l{2^>o} + ^(2;)l{a.<o} where 



(5.13) 



7w = vo{0) 



g-^\p + Wu{0) + iyw{0)], if := i/(0,oo) < oo, 



w{0), 



if 1/ = oo. 



As direct consequence of Theorem I5.4r ii) we get the following sufficient condition for the optimality of 
the liquidation strategy: 

Corollary 5.8. Let K = 0. If G* is monotone decreasing on then the strategy tti is optimal. 



5.3. Auxiliary optimal stopping problem with dividends. In order to treat the general case of 
a general multi-dividend band strategy, we consider in this section first an auxiliary stochastic control 
problem in which the controls are pairs (r, vr) of dividend strategies vr G 11 and F-stopping times r. The 
problem is an extension of (|3.2p in which the management of the company in addition to deciding the 
timing and size of dividend payments also has the option to "wind up the company" at any stopping 
time r before the ruin time upon which a payment /{U^tt) is received, for some pre-specified reward 
function / : — )■ M. The value-function of this stochastic control problem is given by the following 
expression: 



(5.14) V*{X)= sup Vr,Ax), Vr,Ax)=^x 

TeT,TTeu 



tATtt 



e-'?V^(dt)+e- 



-g(TAr-n-) 



where /i„ : M ^ M is defined by fw{x) = f{x) for x > and fw{x) = w^x) for x < 0, and T denotes 
the set of F-stopping times. The problem (I5.14p can be embedded into the optimal control problem 
(13. 2p for an appropriate choice of he reward function / — see Section 15.41 

In this context a candidate optimal policy is the strategy ((T^'',7r'') to pay out dividends according 
to vTfc and wind up the company ("stop") at the first moment aa = cr'^^ that U"^'' falls below a in case 
the first-passage time CTq is smaller than the ruin time t'^''. If the transaction cost K are large, an 
alternative is given by the strategy ('7^®(,,vr0) not to pay out any dividends and to stop at the first 
moment cra^b+ = ^a\+ ^^^^ the reserves process X = If^i' leaves a finite interval [a,b-^]. The values 
ya,bix) and V^^^{x) associated to the strategies (cTa,7rb) and io''^\_^,'^(D) when C/q = x, are given by the 
following expressions: 



(5.15) Va,b_,bAx)=Kx 



re-''V^(dt)+e-'?-/«) 
Jo 



Va'b.ix) 



where = fi^. In the following result, which can be derived by a line of reasoning similar to the one 
used in the proof of Prop. 15.11 the functions Va^b and V^^^ can be explicitly expressed in terms of scale 
functions and of a family of functions {y, z) i— )• G^"''^\y, z), a,K > 0, that is defined as follows (where 
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we will suppress the dependence on K and write G^"'^): 

(b+-h.-K- {F^"'\h+ - a) - - a)) 



fib+)-F(-\b^ 



■a) -Ty 
a) 



W(i'){b+-a) 
1 - - a) 



K > 0,b- > a or b- 
K > 0,b- = a> 0, 
K = 0, 



a = 0, 



I W(i)'{b+-a) ' 
where F^""^ = F^j^ is the Gerber-Shiu function for pay-off afw = fwio. + •)• 

Proposition 5.9. For any b^,bj^,a such that > 6_ > a > the following holds true: 

fix), X G [0,a], 

(5.16) Va,b-,b+ix) = {w^'^\x — a (x — a), X G [a, 

X - b+ + Va,bib+), xG(6+,oo); 



(5.17) 



fix), X ^ [a,b+], 

X — a )G(")(a,6+) + F('*) (x — a), X G [a, 6+]. 



Remark 5.10. In the sequel we will denote by Va^b (with b = (6_,6+)) the function that is equal to 
y^a,b-,b+ if 6_ > a and equal to V^f^_^ if 6_ = a. 

We next turn to the determination of the candidate optimal levels f3*{a). Fixing a for the moment, 
we define /3*(a) to be the pair (/3* (a), /3iJ.(a)) that maximizes similarly as was done in the case 

of the single dividend-band strategy. Hence, if i^T > we set /3^(a) = /3*(a, (5*(a)) + (5* (a) where 



(5.18) 



(3*ia,d) = sup{6 > a : G^''\b,b + d) > G^''\x,x + d) Vx > 0}, 
5* = \ni{d > : G('^) (/?* (a, d) , /3* (a, d) + d) > G^'^) (/3* (a, y) , /3* (a, y) + y) Vy > 0}. 
If = 0, we define the levels /3+(a) = /?* (a) as follows: 

131(a) = /3* (a) = inf{6 > a : G^^^b) V G^^^b-) > G^^^x) Vx > 0}. 
Finally, the level a* is specified as follows: 

(5.19) a* = mf{a > : G^") (/?*-) V G^^^p*) = 0}, 

where inf0 = -|-oo, and we denote /3* := f3*{a*) = (/3* (q*), /3;^(a*)). We will write a* = a*j^ and 
/3* = /3j^ if we wish to express the dependence of a* and /3* on 

Remark 5.11. The choice of a* is informed by the principles of continuous and smooth fit of the theory 
of optimal stopping (see [37i Ch. IV. 9]) that state that it can be expected that V* be continuous and 
continuously differentiable at the level a*, respectively. The latter heuristic is in force if a* is regular 



OPTIMAL DIVIDEND DISTRIBUTION IN THE PRESENCE OF A PENALTY 



27 



3 

2.5 
2 

1.5 
1 

0.5 


12 14 0.6 0.8 1 1.2 1.4 1.6 1.8 2 

Figure 3. Plotted is a typical value-function Vq.,^.(x) for x e [0,2], a* = 0.5 and ^* = 2 
in the case of no transaction cost {K = 0), showing smooth fit of the value-function V^»,/3»(a;) 
with the pay-off function f{x) — x at x = 0.5. 

for {—oo,a*) for Lf^* , where vr^, denotes the optimal strategy, while the former applies if a* is irregular 
for (—00,0;*). In view of the fact that a* is regular for {—oo,a*) iff X has unbounded variation, 
the heuristic implies that, if cr > or jjxz^(dx) = oo, then a* satisfies V^, ij,{a*+) = f'{a*—). 
This equation is equivalent to the expression (j5.19p on account of the form of Va^b and the facts that 
F'^j{0+) = f'(a—) for any a > and W^''^'{0+) G (0, oo]. In the complementary case that X has 
bounded variation, q* is irregular for (— oo,q*), and the heuristic implies that Va* ,(3*ict*) = /(«*)• 
This equation can also be equivalently expressed as Eqn. ()5.19p . in view of the form of Va^b and the 
fact that W^'^\0) > iff X has bounded variation. 

We will present a solution to the control problem (|5.14p in the following setting: 

Assumption 1. (i) The reward function f : M is given by f{x) = x + c for some constant 

c G M. 

(ii) There exists a u > such that QC'^f{u) > 0. 

(Hi) For all b+ > > it holds that < 0. 

Remark 5.12. (i) If the reward function / is chosen as in As. [T{i) with c = jw the value of the 
stochastic control problems in Eqns. (|5.14p and (|3.2p coincide. This assertion follows as a consequence 
of the fact that the value of any given admissible strategy (r, vr), r G T, vr G 11, in the stochastic control 
problem (j5.14p is equal to the value of the strategy vf = {Df,t G M+} G 11 for the stochastic control 
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problem (j3.2p that is defined in terms of the hquidation strategy vr^ as follows: 

fzjf, ift<rAr'^, 
Dt = { 

[D1^ + D'"' oOr, if r<T'^. 

(ii) Under As. mi,ii)i it follows from Remark l5.6l fii) that if oC^fw{y) is non-positive for all y > 
then it is not optimal to stop immediately (r* ^ 0). 

(iii) In the absence of transaction cost {K = 0), the condition in As. HJiii) implies that the optimal 
single dividend-band strategy defined in Eqn. (15. 9p is the one at level 6^ = 61 = (cf. Prop. ID.Sh . 

Under As. [U it holds that the levels /3^(a*) and a* are positive and finite: 

Lemma 5.13. Under As. El it holds that < a* < /3;(a*) < oo and V G("*)(/3*) = 0. // 

either (i) K > or (ii) K = and X has unbounded variation, then a* < /3^(a*). 

The proof of Lem. 15.131 is given at the end of the section. 

Define the strategy (r*,7r*) to be equal to (ctq,* , tt/j. ) if a* < I3*_ and to be equal to {(Ta* if 
a* = I3*_, and note that Ur,,?!, is given explicitly given as follows: 

Vr, {x) = f("* \x-a*) for X E [a* , /3;] . 

A necessary and sufficient condition for optimality of this strategy is as follows: 

Theorem 5.14. Let As. \^hold. (i) For any x € [0, it holds that V*{x) = Va*,j3*{x). In particular, 
if Xq € [0, it is optimal to adopt the policy (r*,7r^,). 

(ii) The strategy (r^,,7r*) is optimal for the stochastic optimal control problem (|5.14p if and only if 
the function is completely monotone, where, for any a,b with < a < b, Ea^bif) is defined 

as follows: 

eb r 

(5.20) H„,,(/) -.e^-— e~^^Z('''^)'(z)G('^)(dz). 

^ J{/3,oo) 

Remark 5.15. (i) The complete monotonicity of the function '^a,bif) defined in Eqn. (j5.20p is equiv- 
alent to the following condition: 

(5.21) o>C^K.,^,(2;) < for aU x > /3;. 

This assertion as well as the statement in Thm. I5.14l fii) follow by a line of reasoning analogous to the 
one employed in the proof of Thm. I5.4( ii). 

(ii) The definitions of a* and (3* imply that the function V = Vr^^j^^ satisfies the following two 
inequalities: 



(5.22) 



V{x) — V{y) > X — y — K Vx, y > 0, x > y, 
Vix) > f{x) Vx > 0. 
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(iii) The assertion in Thm. I5.14r i) fohows on account of the fact that F^'^*\x — a*) is a super- 
solution for (j5.14p in the sense of Def. 14.4^ by reasoning as in Rem. 15. 6p . The super-solution property 
is a consequence of the observation in part (ii) and the fact that 

e-<?(tAT,Oi7K)(X4^^^, - a*) 

is a martingale. 

5.4. Recursion for the dividend band levels. The candidate optimal levels a*, 61 and 6!^ can 
next be defined recursively by solving repeatedly the optimal control problem (|5.14p for appropriate 
reward functions /, using the following procedure: 

0. Set i^l, a* ^ {0}, b* ^ {6*(0)}, / ^ b^^v; and let E be given by eqn. ([5TT]) . 

1. If H is completely monotone, set a* a* D {oo}. Return {a, 6}. 

2. Else define 

Cj+i ^ a*j and b*_^i ^ (3j. 

3. Set a* ^ aU b* ^ 6 u {6*+J, / ^ > H ^ H,.,^. (/), i ^ i + 1. 
Go to step 1. 

Remark 5.16. (i) If, in step 1 of the ith. iteration of above procedure, the function H is not completely 
monotone, then the function / := b*^Va*,b* satisfies the conditions in As. [1] with w = /|(_oo,o)- To see 
that this is the case, observe that As. is satisfied on account of the form of /|r^, that As. HJii) 
holds follows as in Rem. I5.15t and that As. [U^iii) follows in view of Prop. ID^ and the definition of the 
levels a*,b*. 

(ii) In the absence of transaction cost {K = 0) there may exist a limit point — lim^—^oo^* i — 
limj_^oo o-i of the band levels. In that case the procedure will converge to the value-function VI* ^* 
corresponding to the levels a* = (a*), b = {b*), and needs to be re-started as follows: 
0.' Set i ^ 1, a* ^a*, b* ^ a*, f ^^*Va',a*, ^ ^ %*,«•(/)• 

Denote by = (fj, i € X), a* = (oj, i € X) and b* = {b*,i £ X) the sequence of value-functions and 
band levels generated by above procedure (possibly re-started), where X is a corresponding index set. 
The solution of the stochastic optimal control problem (j3.2p is expressed in terms of the sequences v, 
a and b in the following result, which in particular implies Thm. [331 

Proposition 5.17. (i) For each i (zl, Vi is equal to the value-function fa-, 6. of the multi-bands strategy 
T^a^,b^ at levels (ij = (0, aj, . . . , a*) and 6j = (6|, . . . , b*). 

(ii) For each i E X, Vi{x) = t>*(x) for all x < b* ^. 

(iii) The value function Va*^b* of the strategy iTa*fi* is equal to v* . 

Proof (i) For each i > 1, the strong Markov property applied at (Tq* implies that f^r^* j* (a;) is equal 
to the value Va* b*{x) of the strategy {a a* , , ^Tf,*) with fw{x) = f tt * (&i_i + x). For i = \ a. similar 
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observation applies with reward function f{x) = x + 7^. In view of the equaUty Va*^* = Va*^* then 
follows by induction. 

Statement (ii) follows in view of (i), following an analogous line reasoning to the one employed in 
Rem. I5.15( iii). 

(iii) Note that the sequence {ai,i € I) is strictly increasing and ultimately tends to infinity (cf. Step 
1 of the above procedure and Lem. 15.130 and that Vi{x) = v^* b*{^) x < a*. Hence, on account 

of (i) and (ii), it follows that = Va*^h*{x) ; for any fixed x € M+. □ 

Remark 5.18. (i) When either there are no transaction cost {K = 0) or i^T > and u has finite mass, 
the optimal value function is affine for sufficiently large levels of the reserves (Prop. I4.13p . Hence, in 
this case, there will exist a finite highest band of the multi-band strategy, with upper level given as 
follows: 

y* = inf{x : v^{y) = y — X + v^{x) My > x}. 

(ii) In Shreve et al. (1994) an explicit example is given of an optimal control problem in a diffusion 
setting in which a multi-dividend-bands strategy is optimal with countably many bands. The con- 
struction of an explicit example in the current setting in which a multi-dividend-bands strategy with 
countably many bands is optimal is left as an open problem. 

6. Examples 

We compute first the generating scale function for processes whose homogeneous scale admits an 
exponential decomposition, i.e. assuming 

VF(9)(x) = ^^ie^'('?)^ 

where C,i{q) are the roots of the Cramer-Lundberg equation ipiQ) = q- This implies that 



X 



e''"(l + (g - V(t')) r e-''yW^'^\y)dy) = e'^" + {q - ^(v)) V A 
-'0 , 



where we have used that Yl v-^\q) ~ ihdA-a ■ particular, 
Z(«)(x) = qY,Ai 



v-Ci{q) '4>{'")-q' 



Z,{x) = z'^'\x)-ij'iO)W^''\x) = qY,Ai^-^-^l^'{0)^A,^—-, 



OPTIMAL DIVIDEND DISTRIBUTION IN THE PRESENCE OF A PENALTY 31 

To determine the optimality of a single dividend-band strategy in the presence of an exponential 
penalty w^x) = ce"^ or a linear penalty w^x) = cx, we will study the extrema of the functions 

Theorem I5.4r ii) yields the following sufficient optimality condition in terms of G^""^ and Gi: 

Lemma 6.1. a) The unimodality of the functions G^""^ and Gi : M+ — )• M defined in (j6.ip implies the 
optimality of single dividend-band policies if w{x) = ce^^, c < 0, and w{x) = cx, c > 0, respectively. 

b) In particular, if K = and G^'"^ and Gi are monotone decreasing, then a "liquidation" strategy 
is optimal. 

Of interest is therefore the sign of the functions D'^'"\x) = and Di{x) = 

—G'i{x)W^'^^'{x)'^, which are explicitly given by the following expressions: 



D,{x) = Y^A.CM?^^^^''^'' - ^EE ^'(0) - (C,(g) - C,(g))2^,^,efe(«)+C^('^))^ 



6.1. Cramer-Lundberg model with exponential jumps. Suppose next that X is given by the 
Cramer-Lundberg model (ll.ip with exponential jump sizes with mean l//i, jump rate A, and Laplace 
exponent V'(^) = pO — A0/(/i + 6). The homogeneous scale function is: 

W^''\x) = A+e^^^')^ -yl_e^"(^)^, 

where A± = p^^ ; and C^{q) = ^{<l), C (?) are the largest and smallest roots of the polyno- 

mial {ip{e) - q){e + li): 



2p 

Hence, in this case we find 



(6.2) 



(g - C~(g))e^^^^)^ + (C+(g) - g)e^ ("^"^ 

C+(9)-C-(g) ' 

Z^'i^'"\x) = Z^''\x) + A——-—— — -— — = S+e^^(5)^ + S_e^"(5)^ 



(6.3) Z?(^)(x) = a+e'^^^")^ - a_e^ + caoe(^^(«)+'^ 
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where B± = ±q^ ± 

(6.4) a+ = A+{C+{q)f>0, a. = A^{C^{q)f > 0, = > 0, 

(6.5) where C = (^ + C+(g))(/i + C- («)) = — > 0. 

In particular, using that {C^{q) + C (?) )/(C^('i') C (9) ) = ^'(0)/^ ~ yields 

(6.6) L'i(x) = a+e'^^(«)^-a_e'^"(«)^-cWoe('^^(^)+^"(''))^ 

where C± = ±A^-i(C+(g) - Ciq))-' and = ^C. 

Let us recall next that in the absence of penalty and costs {w{x) = K = 0), the function G(x)~^ 
W^'^'^'{x) is unimodal [8] with global minimum at 

1 fl°g c+w'(i^K+S) ifT^('')"(0)<0^(g + A)2-pAM <0 



C+(g)-C (g) |o if VF(5)"(0) > 0^ (g + A)2 -pA^ >0 

(since T^(«)"(0) ~ C+(g)'(M + C+(g)) - Ciqfil^ + C {q)) / {C^ {q)) - Ciq)) = {q + A)' - pA^ and 
therefore the optimal strategy is always the barrier strategy at level h* . The case K = 0,w{x) = cx 
was tackled in f9]. 

More generally, when w is exponential or linear and K > the function G is unimodal, which is a 
consequence of the following auxiliary result: 

Lemma 6.2. Let a^, Aj € M, i = 1,2,3 such that qi > > 03, and Ai > A2 > A3. Then the function 
/(^) •= Yl^=i Oiie^'^ has a unique root c* of f{c*) = 0, which satisfies f'{c*) > 0, and it holds that 

f{x) > for all X > c* . 

In particular, let h : M and k : M+ — )• (0, 00) be such that h'{x) = k[x)f{x) for x > 0, then h is 

unimodal. 

Proof. The function g{x) := e~^^^f{x) tends to +00 and to a3 < as x — > ±00. If a2 > 0, g is strictly 
convex and strictly increasing. If 02 < 0, (7 attains a minimum at the unique root of g' . In both cases 
g{c) = admits a unique root c, and it holds that g'{c) > 0. As a consequence c is a unique root of 
/(x) = 0, /'(c) > 0, and f{x) > for x > c. In particular, h has a unique stationary point where it 
attains a maximum, so that it is unimodal. □ 

The form of D^^'^x) and Di{x), Lem. [O and the fact that W^'^^'{x) > imply that G'^"^ and Gi 
are unimodal. Hence, single barrier policies are optimal, in view of Lem. 16.11 Let us next characterize 
the optimal level b* . 

For K > 0, we find: 
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(1) Let K = 0. In the case of an exponential penalty, = iff 

,,2 

V + 

as follows from (j6.3p . Similarly, in the case of linear penalty, it holds that 6^ ^ = iff 

G'i(O) <0^{q + Xf - Xfip > cXq, 
in view of (j6.6p . If 6^ is positive, it is a stationary point, and hence solves the equation 

(6.7) = 0^0 = D^^^b) = a+e'^^('^)^ - a.e^"^'?)'' + caoe(^^('')+^"(''))^ 
if the penalty w is exponential and 

(6.8) G[{b) = 0^0 = Di{b) = a+e^^('')f' _ a_eC"('')'' - c/3„e('^''(9)+C-(9))fe^ 

if w is a linear penalty. 

(2) Suppose next that K > 0. Then 6^ is strictly positive as a consequence of the positive 
transaction cost K, and the optimal levels (61,6^) are given by (b'^jbf + d*) where {b,d) 
maximizes over (6, d) € M+ x (0, oo) the function 

d-K- B+e^^^i')\e<^^i^'^ - 1) + ^_e'^"('?)''(e^"(g)'^ - 1) 
^ ' ^ ' ^ ^ ^^eC+ ('?)'' (ef+W'^f - 1) - A.eC-ii)b{e(-ii)d - 1) 

if w is an exponential penalty, and the function 

d-K- C+e^''(«)*(e^''('?)'^ - 1) + C_e^"(9)''(eC"(9)'^ - 1) 
^ ' ^ ^ ^^eC+ ('?)'' (ef+(9)'^ - 1) - A_e'^-(i)b{e<-Md _ i) 
if tt; is a linear penalty. 
The following result sums up the form of the optimal dividend policy: 

Lemma 6.3. Consider a Cramer- Lundberg process with exponential jump sizes with mean 1///, 

and fixed cost K > 0. The optimal dividend policy is given by a single dividend-band strategy iTb* for 
the following Gerber-Shiu penalties w: 

a) Exponential penalties: w{x) = ce^'" , c < 0. 

(i) IfK = and {q + A)^ - Xfip > -cXq:^, then b* = 0. 

(ii) If K = and {q + A)^ — Xjip < -cXq^^^, then b* is the unique solution b G (0, oo) of (16. 7|) . 

(iii) If K > 0, 6^ = ft! + d* where 61 and d* maximize over b >0, d > 0, the function ()6.9p . 

b) Linear penalties: w{x) = cx, c > 0. 

(i) IfK = and {q + A)^ - Xfip > cXq, then b* = 0. 

(ii) If K = and {q + A)^ — Xfip < cXq, then b* is the unique solution b £ (0, oo) of (j6.8p . 

(iii) If K > 0, 6^ = 61 + d* where 6^ _ > and d* > maximize over {b,d), the function (I6.10p . 
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Appendix A. Properties of Fu, and Z^"?'^) 

For reference, we list some properties of the function F^. Recall the definition of the set TZ was 
given in Def. 12.71 

Lemma A.l. Let w ^IZ. Then the following hold true: 

(i) The function can he expressed in terms ofW^'^'> as follows: 

2 px 

(A.l) Fu,{x) = ^w'{0-)W'-''\x) + w{0)z'-'i\x) - W^'^\x -y)wu{y)dy, x>0. 



2 

(a) The value of F^ at x = matches w{0): F^^^O) = w{0). 
(Hi) The following asymptotics hold true: 

where defined in Eqn. (j2.26p . 

(iv) If X has paths of bounded variation, the Laplace transform of F^ simplifies as follows: 

POO 

(A.2) / e-'''FMdx = {m-Qr'\pH0)-wU9)], 

Jo 

where w* is the Laplace transform of Wy : (0, oo) — )• M given by Wy{x) = Jj^ w{x — y)u{(\.y). 

Note that representation (|A.ip and the continuity of W^'-'^^Ir^ imply that the Laplace-transform 
(j2.24p admits a continuous version on M_j_, which justifies Def. 12.81 

Proof: (i) The identity follows by term- wise inverting the Laplace transform (|2.24p . using the form 
(|1.4p of the Laplace transform of W'^'^\ 

(ii) This follows directly from Eqn. (ETTl) and the facts that Z('?)(0) = 1 and a'^W^''\{)) = 0. 
in Since W'^'i\x) ~ e*('?)^ /4>'{^{q)) as X — 7- oo, the statement follows from Eqn. (jA.ip . 

(iv) If X has bounded variation then Vi := J^V{x)dx < oo. Hence, for any x > ^, Wy is finite and 
equal to Wu{x) = Wu{x) — w{{))Vi. □ 

Restricting to penalties w from the set P, which was defined in Def. 13.11 we have the following 
additional properties: 

Lemma A.2. Let w £ V. 

(i) The function Wy : (0, oo) M defined in Eqn. ()2.23p is increasing and right- continuous, and 
satisfies the following integrability condition: 

rx 

(A. 3) / \wy{y)\dy < oo for any x > 0. 

Jo 

(ii) The function Jw '■ (0, oo) — M given by Jw{x) = o^^Pwi^) with Pw{x) = uj'{0—)x + w{0) is 
right- continuous, and is equal to the following expression: 

(A.4) j^(y) = [^'(0)-m,{y)]w'{0-)+Wy{y)-q{w'{0-)y + w{0)), y > 0, 
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where is given in (|2.23p and the map my : (0, oo) — )■ (— oo,0) is given by my{x) = J^{x — z)i'{dz). 
(Hi) Fu]{x) is left- and right- differentiahle at any x > with right- derivative at x > given by 

2 rx 

(A.5) F^{x) = ^uj'{0-)W^''^'{x) + w;(0)gT^(«)(x) - / Wu{x - y)W^''\dy), 

where the first term is zero if a"^ = 0. If > or vi = oo, then i^«;|(o,oo) ^ C'-^(0, oo). 

(iv) The following alternative representation of Fl^{x) holds true: 

(A.6) F'^{x) = w'{Q-)- r Ju,{x-y)W^'i\dy), x > 0. 

JO 

(v) The right- derivative at x = of F^ takes the following form: 

w'^O—), if > or ui = oo, 



(A.7) F4(0+) 



-Jw{^+) = lw{{)) - Iwui^), ifa^ = and vi < oo, 



where vi = xz^(dx). 

(vi) The map F^ : (0, oo) ^ M is equal to a difference of monotone functions. 

Proof: (i) The integrability condition ()A.3p follows from the condition (|2.22p (as V C TZ, as noted 
just before Def. 13. ip . The right-continuity and monotonicity of Wi, follow on account of the dominated 
convergence theorem and the monotonicity and right-continuity of w. 

(ii) The representation in Eqn. ()A.4p follows directly from the form of the operator qC^ given in 
Eqn. ()4.5p . The function J^„ inherits the right-continuity from w^, on account of in view of Eqn. ()A.4p 
and the continuity of m,^. 

(iii) Recall that W^'^\x) is right- and left-differentiable at any x > (with finite derivatives and 
with right-derivative at x denoted by W^'^^'{x)). The final term on the rhs of Eqn. (lA.ip is also right- 
differentiable with derivative equal to the third term on the rhs pf Eqn. (IA.5P , on account of the domi- 
nated convergence theorem, the monotonicity and right-continuity of Wu and the right-differentiability 
of W^i\ A analo gous reasoning shows that -F4j(o,oo) is in fact continuous if > or ui = oo, 
employing the fact that in that case 

(iv) The equality of (|X5]l and (IXB]) can be verified by taking Laplace transforms, using that the 
Laplace transforms of W^'^^ and are given by Eqn. (jl.4p and by the following expression: 



oo 



mlie) = 0-^ / [e-^^ - 1 + 9z]u{dz) = 0-^ i){e) - e^'{Q) 







2 ' 



(v) If X has bounded variation, then Wy{{)-\-) exist and is finite. On account of the monotonicity 
of Wjy, the continuity of W^'^'^ and W^''\Qi) = p^^, the expression in Eqn. ()A.7p follows by taking 
the limit of x to in Eqn. ()A.5p . If X has unbounded variation, the form of -F^(0+) follows on 
account of the fact that the convolution in Eqn. ()A.6P vanishes as x tends to zero. This fact follows 
on account of the following two observations: (a) Let rj > and 5 > be such that, for all z £ (0,5), 
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\6w{—z) — w'{0—)\ < r], where Aw{z) = li^Mz^l^M _ Then the form of imphes that the following 
estimate holds true: 

(A.8) \wty{x)\ < / \w{-y) -w{0-)\u{dy) + r]\m^{x)\, x > 0. 

J[5,oo) 

(/?) For any a,b>0, define the function K : {0,oo) -^M by K{x) := jQ{a-bm^{x-y)W^''\dy). As K 
is increasing and has a Laplace transform K*{6) = {il){9) — q)~^6{a — hm1{9)) that satisfies K*{9) ~ c/9 
as 9 tends to infinity for some constant c, a Tauberian theorem implies that K{x) tends to zero as x 
tends to zero. The stated fact now follows by combining the observations (a) and (/?). 

(vi) The statement follows on account of the representation in Eqn. (jA.SP and the facts that is 
monotone and non-positive and that W^^'^^'|(o,oo) is equal to the difference of two monotone functions 
which holds as W^'^^ is log-concave, which is in turn a consequence of the representation of W^'^^ in 
terms of the excursion measure ( |12[ p. 195]). □ 

In the case of exponential boundary condition w we record the following additional properties: 

Remark A. 3. The family of functions Z^'^''"^ contains as member the function Z^'^'^^ = Z^'^\ which 
corresponds to the case of a boundary condition equal to 1. Further, from (j2.17|) we read off that 
Zq = Z^'^\ and if £'[|A'i|] < cxd, that Zi{x) is given by 

(A.9) Zi{x) =x + qW^'''^\x) - V''(0)Tr^'^(x), 

where w'''^'^\x) = J^{x - y)W'^'i\y)dy. More generally, if < oo, then ijj^'^\0) is finite for 

r = 1, . . . ,k, and the following representation holds true by an application of the Leibniz rule: 

(A.IO) Zk{x) =x'^ + qW^''''\x) - ^2 Q V'^"H0)Pf(^''-"\x) 

with V^"Ho) 

being the nth right-derivative of ip at zero and 

W^^'''\x)= r {x-yYW'^'i\y)dy. 
Jo 

Remark A. 4. (i) For v >0, the function x i— )• Z^''''"\x) is strictly increasing on R-|_. In particular, for 
X > and u > ^{q), Z(9'^)'(x) is equal to 

(A.ll) Z(^'^>(2:) = {i^{v) -q) e^(^-J^%(«)(dy). 

J X 

which can be derived from Eqns. (II. 4p and (I2.16P by integration by parts. 

(ii) The map v i— > Z^'^'^'^'{x) is completely monotone on (<I>(g), cxd), for any x > 0. This follows since 
V I—)- Z^'^'^\x) is the Laplace transform of some measure on M+. Indeed, a straightforward calculation, 
using the definition of Z^'^'^'> and Eqn. (jl.4p . shows that the Laplace transform of Z^'^''"'> admits the 
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following representation: 

1 \ r_2 /■ /■ 

^-xs-vt^^ + t)dtds 



37 



X 



1 A 

+ 







+ 



(0,oo)J{0,oo) 



V ij{X)-q ip{X)-c 

Inverting this Laplace transform in A yields the following expression for Z^'i'^y in terms of W^i^: 
zM'(x) = ^W^'^\x) + ^W^'>^'{x)+ [ [ e-'''u{x-y + t)dtW'-''\dy), x > 0. 

For any x € M+ the function v i— )• Z^''''"^' is the Laplace transform of a measure on M+ which thus 
implies the stated complete monotonicity. 

(iii) If, for some vq > 0, E[e~^'^^^] is finite, ip{v) and v Z^i^^'Xx) can be analytically extended into 
a neighbourhood of = 0, and Z^'^''"\x) can be expanded in terms of Zk, /c G N, as follows: 



(A.12) 



OO I. 

V 



fe=0 



Remark A. 5 (Proof of Prop. I2.5p . Note that, by changing measure and inserting the identity Eqn. 
(|2.12p . the following expression can be derived for v > 0: 

- J^-a)^W l^-<lTa,b+i^{v)Ta^b+v{XT^^-x)-iP{v)To,a-. i 
_ Jx-a)vTffVi -(q-'4>{v))Ta,t-l , 1 



(A.13) 



(g-i/)(t>)) 



(b-a) 



(b-a) 



x — a) 



(r) (r) 

where Wi ',Zi'' are the r-scale functions under , the Cramer-Esscher change of measure of P with 
Radon-Nikodym derivative defined by = exp{vXt — 'ip{v)t). Using the identity (from [7]) 

^^^(x) = e^''W'i«-^(^))(x), v>0,q>0, 

we find ()2.19p . The identity (j2.20p follows by a similar line of reasoning, starting from ()2.13p . The 
uniqueness follows from Thm. 12.121 □ 

Remark A.6 (Proof of Prop. [230D . Writing V2,'°°(x) = u'(0)E^.[e-9^o~] + E^[e-''^o" (i^(X^_ ) - w{0))] 
and applying the compensation formula to the Poisson point process {AXt,t G M+) yield the following 
expressions for any x € M+: 



(A.14) 
(A.15) 



V°'°°(x)-u;(0)V°r(^) 



Jy 

H^(«)(xX($(g)) 



{w{y - z)- w{0))u{dz)U'^{x, dy) 

VF(^)(x - y)wu{y)dy, 
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where U'^{x,dy) is the (/-potential measure of X under killed upon entering (— oo,0), 

U'^ix, dy) = (x)e-*('?)?^ - W^'^^ {x - y)]dy, y > 0, 
and VeQ°^{x) = Ea;[e^'^"*^o ] is expressed in terms of the scale function by 

The two integrals in (|A.15p are finite in view of the integrability condition (|2.22|) and the fact that 
W^*-''^|r+ is continuous. Thus, Eqn. (j2.25p follows from Eqn. (jA.ip (since the term ^w'{0—)W^''\x) 
cancels). 

The martingale property in Eqn. (j2.27p follows from Eqn. (j2.25p and the strong Markov property 
of X, and the fact that 

|^e-9(tAT-)p^{g)^^^^^_ _a)^t e is a P^.-martingale for any x eR. ° 

Appendix B. Estimates for the optimal value function 

Proof of Lem. \4.8\ (i) Let x > y. Denote by iT^{y) an e-optimal strategy for the case Uq = y. Then 
a possible strategy is to immediately pay out x — y and subsequently to adopt the strategy 'Ke{v), so 
that the following holds: 

v*{x) > X - y - K + Vn,{y) > v^{y) - e + x - y - K. 

Since this inequality holds for any e > 0, the lower bound in Eqn. ()4.12p follows. To prove the other 
bound, let 7fe(x) denote an e-optimal strategy for the case Uq = x. Then a possible strategy is to not 
pay any dividends until the first time that the reserves hit the level x, and to subsequently follow the 
policy TTe. Hence the following bound holds: 

(B.l) vM > ^|^("-^(^) - ^-(^)) + 

Rearranging and letting e tend to zero yields the upper-bound in Eqn. ()4.12p . The bounds in Eqn. 
()4.12p and the continuity of VF'-'^^Ir^ and of -F«,|r_|_ directly imply that f*|K^ is USRC and is moreover 
continuous in the case K = 0. 

(ii) If K = 0, integration by parts, the non-negativity of w and the condition (jl.6p of "no exogeneous 
ruin" imply that 

/ e-'i^dD^ = ge-«^L»Jds + e-«^"Z)^. < / ge-'^^X.ds + e-«^"X^._, 
Jo Jo Jo 

so that 

1 



v^{x) < E^. 



qe-'^'Xsds 



x + 



$(g)' 

where we used that the running supremum -^^,((9) &t an independent exponential random time with 
mean follows an exponential distribution with parameter $(9) (e.g. [12, Cor. VII. 2]). li K > 0, 
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then the above bound remains vahd since the value Vt:{x) decreases if the transaction cost K increases. 

□ 

Proof of Lem. \4-S^ The following bounds hold true: 



(B.2) 



/•oo 

sup e-'>^U^l{t<r-} < sup e-'^^Xt < sup / e-'^'X.ds 



Therefore the expectation under P^^ of the expression on the rhs of Eqn. (1B.2P is also bounded by 
X + l/^{q). 

The compensation formula applied to the Poisson point process {AXt, t € M+) and the monotonicity 
of w and the fact that w{0) is non-positive yield that the following inequalities holds true, for any 



X € 



[e-«-^u;([/;.)] > w{-l)+E, [e-5-"u;(C/;.)l{[;.^<_i} 



(B.3) 



= w{-l)+ / w{y - z)l{y_^^_iyi^{dz)Rl{dy) 
Jo Jo 

poo /'OO -j^ /'OO 

> w{-l)+ / w{-z)Rl{dy)u{dz) >w{-l) + - w{-z)iy{dz), 
Ji Jo 1 Jl 



where Rl{dy) denote the g-potential measure of under P^,, 

/"OO 

RUdy)= / e-5*P,(C/-Gdy,t<r-). 



The rhs of ()B.3P is bounded below, since the bound in Eqn. (j3.ip holds as w is element of V. 

The uniform integrability of follows on account of the fact that is dominated by an integrable 
function in view of Eqn. (j4.14p and Lem. 14.8^ 11). □ 

Appendix C. Proofs of Lemmas liTT} 14.121 and 15.131 



C.l. Proof of Lem. 14.71 Fix arbitrary vr G 11, x G M+ and s,t G M+ with s < t. It is clear that Vf^ 
is J-t-measurable and integrable on account of the bound in Lem. 14.81 Denote by C H the following 
set of strategies: 



n. 



{n=i7T,W) = {Dl'\u>0}:WeU}, D^'^ = < 



D^ + DZ_AUI), u>s, 



where D'^{x) is the strategy vr corresponding to initial capital Xq = x. Define by = {Wu,u > 0} 
the following value-process: 



VFJ = ess.supJJ, Jr = IE 



e-''>|(dtx)+e-'?^"u;(C/;, 



It follows that is a super-martingale as direct consequence of the following P-a.s. relations: 



(i) = W^, 
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(ii) > E[Wl\Ts]- 

Proof of (ii): This identity follows by classical arguments. Since the family of random variables 
{Jt,T^ € lit} is directed upwards, it follows from Neveu [36] that there exists a sequence 7r„ G lit such 
that Jf" t W- Since Ut C it follows that dominates JJ" = E[J^''\Ts], so that monotone 
convergence implies that the following holds true: 

> limE[Jf"|j;] = E[Wt^|j;]. 

n 

Proof of (i): The form of implies that, conditional on C/J, {D^ — D'^,u > s} is independent of J^. 
On account of the Markov property of X it also follows that conditional on {7J, {U^ — Ug,u > s} is 
independent of Tg- As a consequence, we have the following identity on the set {s < t'^} 



E 



e-^VKdn) + e-5^"'u;(C/;s 



e-'?V^(du) + e-''- wiU^^) 
Jo 



= e-«V(^7;) + / e-'?>^(d7x) 
In particular, Pa;-a.s. the following representation holds true: 



which yields the following Pa;-a.s. representation for W^: 
(CD 



sAt" 



e-'?>^(d^/), 



r= e-'?>^(dn) + e-''("^^") ess. sup 

In view of the definitions of Us and v^, the essential supremum in Eqn. (IC.lj) is P-a.s. equal to 
?;*(C/,V^), which implies that, P-a.s., = F/. □ 

C.2. Proof of Lem. \4A2[ . Write M^^) = ^(i) + S'^^) where 



-q{tAT2i_i)l 



i>l 



In view of the fact that f{x) < ax + b for some constants a, 6 > it follows that the following estimate 
holds for fixed t > 0: 



Jo 



L{X,e(a-2e,a+2e)}ds. 

On account of the fact that the potential measure of X is absolutely continuous, the left-hand side 
tends to zero as e \ P^^-a.s. for any x £ M+. The dominated convergence theorem implies that this 
convergence also holds in P^^-expectation. 
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For the term S^^^ the strong Markov property apphed at T2i^i and Def. I2.3r i) imply that fohowing 
identity holds true: 



(C.2) E,[5f)]=E,. 



where L{x) = F{x) - f{x) + ■^^S^(/(4e) - F(4e)) with / = a-2ef and F = denotes the Gerber- 
Shiu function corresponding to payoff /. The triangle inequality, continuous differentiability of / and 
F and the fact that W^'?) is increasing yield the following estimate: 

(C.3) \L{x)\ < 4e X 2C{e) for ah x G [0,4e], where C(e) = max \F'{x) - f'{x)\. 

a:e[0,4e] 

Observe that the number of terms in the sum in the definition of 5^^^ is bounded by 1 + D~[ (e) + (e) 
where D^{e) and U^{e) denote the numbers of down-crossings of the band (a — 2e,a — e) and up- 
crossings of (a + e, a + 2e) by X before time t. Thus the expectation of |<S'(^"'^^| can be bounded as 
follows: 

(C.4) E,[|5f)|] <8eE,[l + Z),-(e) + C/+(e)]C(e). 

Since X is a sub-martingale, the up-crossing lemma implies that the expected number of up-crossings 
U^{e) of the band {c,d) = {a + e,a + 2e) by time t does not grow faster than e~^: e • Ea;[C/j^(e)] < 
E^[(Xt - - E^[(Xo - c)+]. Thus, it follows that e • E^[C/^+(e)] remains bounded as e ^- 0. As the 
number of down-crossings (e) is bounded by two added to the number of up-crossings Ui (e) of the 
band (a — 2e, a — e), e • Ea;[Z?j~(e)] also remains bounded. Since C(e) tends to zero as e — )■ 0, on account 
the facts that F and / are C^(M+) and F'(0) = /'(O) (cf. Eqn. (jA.7p . recalhng that X is assumed 
to have unbounded variation), it thus follows from Eqn. (jC.4p that E2;[|5^^^^|] tends to as e tends to 
zero, and the proof is complete. □ 

C.3. Proof of Lem. [533l Consider the function G : M+ ^ M defined by G{a) = 
supft_ {,^>o The fact that a* > is a consequence of the intermediate value theorem 

and the following three assertions concerning G: 

(a) G(0) < 0, 

(b) There exists an ao > such that G(ao) > and 

(c) The function a i— )• G{a) is continuous at a G [0,ao]- 

Assertion (a) follows directly from As. miii). To verify assertion (b) we will show that for some 
a, with a < G^"^ is strictly positive. In view of the form of G^"^ we thus need to 

show the existence of a triplet a,b-,b^, such that F^°'^'(b^ — a) > 1 when K = 0, and such that 
F^^-^b^ — a) — F'^°'\b^ — a) > 6+ — 6_ when K > As. [TJi, ii) and the right-continuity of the map 
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J : (0, oo) — 7> M defined as follows: 

J{y) := oCZfiy) = ^'(0) - q{y + w{0)) + [ [w{y - z) - wiO) + z - y^dz), 

J (y,oo) 

imply that the following statement holds true: 

(C.5) There exists an interval / = with < u- < such that J{y) > for all y & I. 

The assertion (b) is a direct consequence of the observation in Eqn. ()C.5p . the form of G*-"^ and the 
fact that, for any a > 0, F^^^' can be explicitly expressed in terms of J by F^"'^'{x) = 1 — J {a + x — 
z)W^''\dz). The last statement in turn follows on account of As. [D^i) and the definition of -F*-"^ (see 
Appendix lAT^v), Eqn. (TO]) ). 

The finiteness of /3^(a*) follows by an analogous reasoning as in Rem. 15.21 If either K > or K = 
and X has unbounded variation, then the equality a* = /3+(a*) would imply that Va*^i3* = fw — 
however, under As. mii), there exist a,/3 such that Va^/six) > fw{x) for x G (a,/3) (cf. Rem. 15. 6p . 
which yields a contradiction. □ 



Appendix D. Proof of optimality of single dividend-band strategies 
The following auxiliary result provides a key-step in the proof: 

Lemma D.l. For 6 > <5(g), the Laplace transform g*{6) := f^e~^^g{x)dx of the function 

(D.l) g:{0,oo)^R x ^ g{x) := b+{C^Vb - qvi){x) 

is equal to — where 

m = -^ / e-^^Z('''^)'(z)G5_(dz), 

J{b+,OQ) 

where Gb_{x) := G{b-,x). In particular, the function 9 i->- E{6 + ^{q)) is completely monotone if and 
only if g is non-positive. 

Proof of Thm. \5.4^ ii): The assertion directly follows on account of Lem. ID. II and the fact that 
a necessary and sufficient condition for optimality of the policy TTh* is that the function g given in 
Eqn. (iml) satisfies g{x) < for ah x > bf (Rem. [LSl^ii)). □ 

Thm. I5.4( iii) follows by combining Thm. I5.4f ii) with the following observation: 

Lemma D.2. If x i-7> G*{x) is decreasing on (6^,oo), then H(0) is completely monotone on {^{q),oo). 



Lem. ID. 21 will be proved in the next section. 
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D.l. Key representation. The following result provides an explicit connection between the function 
G and the infinitesimal generator: 

Proposition D.3. Let c > and 6+ > 6_ > (with hj^ ^ h- if K > 0). (i) Then the following 
identity holds true: 

(D.2) VF(^)'(6+ + c)[G(6_,6+ + c)-G(6_,6+)] = / {b^r^Vb){b+ + c - y)W^'^\dy) 

J\Q.c] 



(ii) IfGib-,b+ + c) < Gib^,b+), then b+Fl^^ic) > 1. 

(Hi) The functions y G{b^ ,y) and y i— t- G'^{y) are decreasing for all y sufficiently large. 

The proof of Prop. ID. 31 is based on the following representation which is itself a consequence of the 
Shifting Lemma and the Pasting Lemma: 

Lemma D.4. For any c > and any 0, (with b^ b^ if K > 0) the following identity 

holds true for any x < 6+ + c: 



(D.3) 



-q{tATt+c)„,,(TTb+c 



+ 



Ex 



tAT, 



b+c 



-qs 



Vb[X) 



ds 



where w = v^^ and we denoted n+c = r'"'"- , L>^+^ = and = [/''(f- . 

Proof of Prop. \D.3[ - First consider the case K = 0. Denoting the g-resolvent of Y^+^'^ killed upon 
entering (— oo, 0) by 



x,dy) 



poo 

/ e-^¥,(y/++'^Gdy,t<To)dt 
Jo 



and letting t ^ oo in ()D.3P the dominated convergence theorem implies that for x G (0, 6+ + c) 



Vb+dx) - Vb{x) 



E, 



Tb+C 



[b+^Zvb]iy)K,b++c(^'^y^' 



'lb+,b++c] 

where w = Vb. Inserting the explicit expressions ()5.2p and (j2.28p for Vb,Vb+c and i?Q ^^_(_^(x, dy), we 
find that 

w'^'i\x)[G*{b+ + c) - G*(6+)] = Ty('?)(x) 



K^ZvbM ^llf^;.^' f\ X G (0,6+ + c), 
[b+,b++c] Wii)'{b+ + c) 

where we used that W^'^\x) = for x < 0. Changing coordinates in the integral and using that 
W^'^\x) > for X > yields the first equality in Eqn. ()D.2p . The second equality in Eqn. ()D.2p follows, 
for any 6+ > 0, by the representation in Eqn. ()A.6p . The case = follows by approximation, taking 
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the limit of 6+ to zero. The proof of the case K > is similar and omitted. The statement in (ii) is a 
direct consequence of Eqn. ()D.2p . The ultimate monotonicity of y i-^ G{b-, y) and y i— )• follows 
from the fact that ;,^£^fft(x) tends to minus infinity when x — )• oo. □ 
Proof of Leva. \D.1\ Taking the Laplace transform in c in Eqn. ()D.2p and using the form of the 
Laplace transform of W^'^^ yields that, for 6 > ^(^), 



- Q J[o,oo) 

= / / e~^^H^(«)'(6+ + c)dcG*(6+ + dz) 

J fCoo) J \z.oo) 



'[0,oo) 

/ 

'[0,cxd) J[z,od) 

= [ [ e-^'W'^''\dc)G*{dz) = [ e-^' z'^"'"')' {z)G* (dz) 

J[6+,oo) J[z,oo) W\y) - Q J[b+,oo) 

by a change of the order of integration, justified by Fubini's theorem, and the form (lA.lip of Z^''''"'^'{z). 
Comparison with H defined in (1D.2P shows that g*{9) = — for 9 > ^{q). The final assertion follows 
since a function / : (0, oo) — )> M is completely monotone if and only if it is the Laplace transform of a 
measure. □ 
Proof of Lem. \D.S\ 1. If f{9) is the Laplace transform of the measure fi on R+ then, for any c > 0, 
9~^e~^^f{9) is the Laplace transform of the function y i-^ l{y-cGiR+}M([05 ^ ~ '^])- Since Z^'^'^^'{x) is 
completely monotone for any x > (cf. Rem. IA.4( ii)) it follows that for any x,b > 0, the function 

is completely monotone on ($(g),oo). 

2. If 9 fx{9), X > 6 > 0, is a collection of completely monotone functions and /u is a measure 
on (6, oo) then it is straightforward to verify that 9 ^ /(^oo) fx{9)fj,{dx) is also completely monotone. 
Hence, if G* is decreasing, complete monotonicity of H follows on account of the complete monotonicity 
of 6'-^e^(^-^)z(9''^)'(x) and the form of E given in Eqn. dEl. □ 

D.2. Proof of Thm. 15.71 Li view of Rem. 15.61 it suffices to verify that Eqn. (j5.12p is satisfied under 
conditions (a) or (b). 

Proof of (|5.12p under condition (a): We need to show that J{x) < for all x > where J : (0, oo) 
M is given by J{x) := {i)*^C^Vb*){b*^ + x) with w = Vh*. In view of the forms of the operator fe^>C^ and 
of Vh'^{x) for X > b*^, it follows that J{x) is given by the following expression: 

POO 

(D.4) J{x) = ip'iO) - q{x + v{b)) + [v{b - y) - v{b) + yy{x + y)dy, x > 0, 

Jo 

where we denoted b = b\ and v = Vb*. 

The assertion that J{x) < for any x > then follows once we show that (i) J is concave on (0, oo) 
(fi) J(0+) = and (ifi) J'(0+) < 0. 
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To show (i) note that, under condition (a), the integrand in ()D.4p is non-positive for all y. Indeed, 
for y G (0, 6), [v(h — y) — v{b) + y] < 4^ v(h) — v{h — y) > y {as K = 0), and for y > 6 we have that 
w{b — y) — f (0) — 6 + y < and t>(0) — v{b) + 6 < which yields that w{h — y) — v{b) < y for y > b. As 
v' is convex, and a mixture of convex functions with positive weights is again convex, we deduce that 
J is concave on (0, oo). 

Given (ii) statement (iii) follows since if J'{0+) were positive, (J(x) — J(0))/x = J{x)/x would be 
positive which would be in contradiction with Eqn. ()D.5p . 

To see that (ii) holds, note that, from ()D.2p with 6_ = b*_ and 6+ = ^+) 

(D.5) 0> / J{c - y)W^'^\dy) for all c > 0. 

J[0,c] 

Thus, we deduce that J(0-|-) < 0. 

To complete the proof we next verify that J(0-|-) = 0. First consider the case that is strictly 
positive: The observations that, for any b > 0, e~'^^^^'^'^^''^Vi,{Xt/\TQ i,) is a martingale and Vfj G 
together with Ito's lemma yield that {QC^Vb){x) = for all x G (0,6+) which in turn implies that 
"^(0) = (o>C^Uf,)(6+) = on account of the continuity of a; i— )■ (o>C^Uf,*(x) at a; = 0. 

Consider next the case = and xi/(dx) < oo. It follows by taking Laplace transforms in 
Eqn. (j4.6p that {oC^Vf,)(x) = for Leb-a.e. x G (0,6+). Let Xn G (0,6^) be a sequence tending 
to b satisfying (o>C^f;,)(x„) = 0. On account of Fatou's lemma, the convexity of v', the continuity of 
^^^^l(o,oo) and H^(^)'|(o,oo) and the fact that v{b-y)-v{b) < y for ah y < 6, we deduce that J{0+) > 0: 

POO 

= lim(o£^i;fe)(x„) < V'(0) - qv{b) + v{b - y) - v{b) + y^' {y)dy = J(0+). 
" Jo 

Hence also in the case that X has bounded variation it holds that J(0-|-) = 0. 

The case cr^ = and xz/(dx) = oo follows by approximation: by adding a small Brownian 

component with variance o"^ > to X and then letting cj^ — >■ 0, it follows that also in this case 

J(0+) = 0. 

To verify this claim we show that J(0-|-) > 0. If cr \ 0, the continuity theorem implies that the 
scale functions and F^,"^^ of X + a'^W converge pointwise to the corresponding scale functions 

of X at any point of continuity. Denote by J^'^\x) the expression on the rhs of (|D.4p with the 
function v replaced by the function v'^'^^ that is equal to v except for x G [0,6] where it is given by 
t;('^)(x) = iy(9)W(a;)G + Fir^ with G = G*{b) (independent of a). An application of Fatou's lemma, 
which is justified on account of the bounds in Lem. 14.81 and Lem. 14.91 then yields that 

= lim j'^"\x) < J{x), for any x > 0. 

cr\0 

The proof is complete. □ 
Proof of under condition (b) Since u' is completely monotone, there exists a measure ^ on (0, oo) 
such that ly'iy) = e~^^^(d;u). Hence, by interchanging the order of integration, justified by Fubini's 
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theorem, we find that 

J{x) = V'(0) - qix + vib)) + / e-'^^B(/x)e(dM), 

where B{fi) = e~'^^[f (6 — y) — v{b) + y]v{dy). In this case J is continuously differentiable on (0, oo) 
with derivative 

POO 

J'{x) = -q- / e-^-^xB{^x)i{d^x). 
Jo 

By a similar reasoning as in part (a), it follows from Eqn. (jP.SP that J'(0+) € [— oo, 0), which yields that 
— Jq°° fiB{^)^{dfi) < q. In particular, there exists some function C : M+ — >■ M+ with C(//) > — 
such that g = C(//)^(d/i). Hence, we have for any x > 0: 

/•oo 

j'{x) = / [-^lB{^l)e-^--C{|,md^l) 

Jo 

/"CO /"CXD 

= / - C(^)]e-'^-e(d^) - / C(^)[l-e-nC(dM)<0, 

JO JO 

in view of the definition of C. Since J{0+) = it thus follows that J{x) = for all x > 0, which 
establishes (|5.12p under condition (b). The proof of Theorem 15.71 is complete. □ 
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